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Lurie quasi category
oo-category quasi category Yoneda’s lemma

— Vague analogies between Higher Category Theory and Algebra —,

Remark (BOOK, Remark 6.1.1.3.). Let X be an oo-
category. The assumption that colimits in X are uni-
versal can be viewed as a kind of distributive law. We
have the following table of vague analogies:

Higher Category Theory Algebra
oo-Category Set
Presentable oo-Category Abelian Group
Colimits Sums
Limats Products
lim,(X,) XgT ~lim (X, xsT) | (x +y)z =zz+yz
oo-Topos Commutative Ring
. L
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Fact. S
AT Vi g
Kan < 0=ViZ<n, af
A"
AD Vfi
nerve & < 0<Vi<n, .. Ellf
A™
Definition 2.1. S
Vi
A g
S oo-category <= 0 < Vi < n, ‘ Hf
A"
Remark. oo-category Kan S c
nerve N(c) oo-category C
Co object C; morphism
oo-category
(small) category
Warning. small
oo-category “ ”

small
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Definition-Proposition 2.2 (Joyal). co-category C

e (Cp object
o C; morphism
e [BOOK, Proposition 1.2.2.3.] X,Y € Cy

Hom#(X,Y), =
{O' - Cn+1 ‘ g Y, X

Hom#(X,Y) Kan
e [BOOK, Remark 1.2.2.5] X, Y € Cy

Hom%(X,Y), =
{c€Cha1]|o X; Y

Hom%(X,Y) Kan
e Homf(X,Y) HomZ(X,Y)

. HomZ(X,Y), Hom:(X,Y)
Definition 2.3. quasi category C object X € C
initial <=

Vfo 0N — C, s.t. fo({O}) = X,
E|f A" — C,S.t. f ’8A”: fo.

Theorem 2.4. C object X € C initial <~—
VY € C,Hom{(X,Y)
Remark.
(1) Lurie quasi cateqory
“Derived Affine Schme” “Derived
Scheme”

Lurie [DAG]



, Lurie , Pro-
ceedings of the 34th Symposium on Transfor-
mation Groups, Wing Col, Ltd. November
2007, p.107-p.116.

(2) oo-categoryC Y  “ni-
tial” objectY € C  final

= VX € C,Homf(X,Y)

(3) (/BOOK, 1.2.12]) oo-category  “initial”,
“final” oo-category  “colimit”,
“limit” (

)

3. Presentable co-category

Abelian Group Presentable
oo-category

presentable co-category

Definition 3.1 (BOOK, Definition 5.5.0.18.).
An oo-category C is presentable,
if C is accessible and admits small colimits.

Question.
(1) strict category 00-
category — colimit
(2) co-category acccessible
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3.1. colimit.

~ joint  cone point -,

Definition 3.2 (BOOK, Definition 1.2.8.1.).
S, 8" join S5’

aJ’
(SHS")(J) = S(I) x S'(I"),
J=I1ul'
ieliel i<
J J=1UT
I I (

S(0;) = 5'(0;) = « )

L
(SkS), =S, US, Si x S,
i+j=n—1
join operation 0 = A7l identity
SetA

Gij : AT RN ACHDTL for all 4,5 > 0.
Notation 3.3 (BOOK, Notation 1.2.8.4.). K

left cone K¢ = A"w K
right cone K. = K% A°

N distinguished vertex
cone point
join p: K—C
Cp/,c/p,cp/,c/p




Cp/,c/mcp/?dp -

p: K —C
(1) (Proposition 1.2.9.2, Remark 1.2.9.5.; p.200, Re-
mark 4.2.1.9.) Cp»Cjp, CP1,C/P
Homsget, (Y, C/p) Hom, (Y x K,C),
Homset, (Y,C,/) = Hom, (K +Y,C),
Homget,. (Y, c/p) Homset,),, (Y O K, C),
Homsget, (Y Cp/) Hom(SetA)K/(KOY, C).
Hom,, Homset,, K p

(2) (Remark 1.2.9.4., Remark 1.2.9.5) X =AN0
p: A= C C X

Cx =Cpp, Cxy =Gy

(3) (Proposition 1.2.9.3, Remark 1.2.9.5., Proposition
4.2.1.5., Remark 4.2.1.9.) C  oo-category
Co/sCrp, CP/ C/P  co-category

C,y — C*
C,, —CP

oo-category  equivalence
(4) C  oo-category
() C overcategory,
D C oo-category

e (C,) C undercategory,
D C oco-category




~ colimit  limit -,

Definition 3.4 (Definition 1.2.13.4 (Joyal [43). ).] oco-

categoryC p: K —C
e p colimit C,)  initial object
ep limit , Cjp.  final object

Remark (Remark 1.2.13.5.). diagram p : K — C
colimait P

7: K" =K%\ —C

p: K —» C
colimit diagram p=7plK col-
imat oo K" cone point

p(oo) € C  p colimit

Theorem 3.5 (Theorem 4.24.1.). F: I — C fi-

brant  simplicial simplicial C
CecC {nr: F(I) = C}e
(1) uli C F  homotopy colimit
(2) N(F):N() = N(©C)  {nr}
N(F): N(1) = N(C) N(F)
N(C) colimit diagram




3.2. acccessible co-category.

~ acccessible oco-category -,

Definition 3.6 (BOOK, Definition 5.4.2.1.).

Let x be a regular cardinal. An oo-category C is
x-accessible if there exists a small co-category C° and
an equivalence (Definition 5.3.5.1.)

Ind,(C°) ~C

We will say that C is accessible,
if it is k-accessible for some regular cardinal k.

3.2.1. equivalence.

4 (C7N)

o Catp i.e. Ycolimit
o’ X A" colimit
e simplicial S  simplicial nerve N (S)

HOmSSets(An,N(S)) = HOIIlCatA (C[An], S)
= X  Vsimplicial S
Homggess (X, N (S)) = Homey, (C[X], S)

C:SSets — Catp
(C,NV)

C
SSets————Clat,
N
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- (categorical) equivalence -,

Definition 3.7 (BOOK, Definition 1.1.5.14.).
S homotopy category hS simplicial
C[S] homotopy category hC[S]

hS  H-
T,y €85 :
Mapy,s(z,y) =[Mapcg (7, y)]
( )-
f:85—=T

(categorical) equivalence H-
hf:hS — hT

H- ( < essential surjective H-

. fully-faithful)

3.2.2. Ind,(C°).
I Indm(co)

Definition 3.8 (BOOK, Definition 5.3.5.1.).
C oo-categoLy, K

Ind,(C) CP(C):=Fun(C® N(Kan))

-

fibration C — C C  kfiltered  oo-
category
f:C%? — N(Kan)
K=uw Ind,(C) Ind(C) Ind(C)
C Ind-objects
oo-category

Question.
(1) oo-category
(2) k-filtered oo-category
(3) fibration
4) N(Kan) fibration
oo-category”™ ?
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homotopy category

Definition 3.9 (BOOK, Definition 1.1.5.14.).
S homotopy category hS

simplicial C[S] homotopy categoryhC[S]

hS  H-
x,y €S )
Mapyps(7,y) = [Mapgs (@, y)] ( ).
f:S —T (categorical) equivalence
H- hS — hT

Y-
Proposition 3.10 (BOOK, Proposition 1.2.3.1.).

Cle
h: SSets j) Catp = Catggets

f
i> Catpo(ssetsy = Caty % Catges = Cat
nerve functor N : Cat — SSets (h,N)

SS etsi&zt
N

Homggess(X, N(C)) = Homeg: (R X, C)

Proof. (o, inclusion)
o

SSets————=Set

inclusion

Homggess (X, inclusion(E)) = Homge (mo X, F)
(h, )

h
Catp = Catggets————Catge = Cat

7

Homggets (X, inclusion(E)) = Homgt(mo X, E)
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nerve functor N

N : Cat é Cata % SSets.
— (h,N) = (hoCle], N 0i)
Cle] h
h : SSets$CatA = Catggers———=Catge = Cat : N

2

H
Corollary 3.11. S
Catp LN Cat
C[S] > hC[S] =: hS
S — N(hS)

Definition 3.12 (BOOK, 1.2.11 Subcategories of co-Categories).
C : oo-category

(hC)' C hC
oo-category C’ pull-
back
(' —C

N ((hC)") —= N(hC).
(C"  oo-category oo-categoryC

(hC)’

)
c"  (hC) C
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r-filtered oo-category .

Definition 3.13 (BOOK, Definition 5.3.1.7.). K
oo-category C  k-filtered
< "k-small( K ) simplicial set K,
\4
K—"—C
K> =KxA°

C filtered < w-filtered

fibration .

Definition 3.14 ((Joyal)). BOOK, Definition 2.0.0.3]

f: X—=S5
° A C A" 0< 1 <n.
right lifting property left fibration
o A C A" 0<i<n.
right lifting property right fibration
. AP C A" 0<i<n.
right lifting property inner fibration
Remark. X

p: X =AY inner fibration
<= X oo-category

fibration “ oo-category” N(Kan)




14

o oo-category "Cat _—

oo-category Caty
(a) Ob(Caty,)  oo-category
(b) oo-category ( large)
(c) oo-category colimit, limit
Approach. simplicial category C’atoAO
(a’) Ob(Caty)  oo-category
(b’) Cats Kan

(¢”) Zhomotopy colimit, “homotopy limit

Cats == N (Cat’))
Definition 3.15 (BOOK, Definition 3.0.0.1.). simpli-
cial category CatoAO
(1) Ob ICatOAO (small) oo-category
(2) co-category C, D Map,2 (C,D)
co-category Fun(C, D)
largest Kan complex

Caty == N (Cat’)).

Kan Kan C Cat%}
“« o7 S := N(Kan)
S = N(Kan) — N(Caty) = Cat
Question.
e [argest Kan complex
o Cats, Kan
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'

Kan complex  quasi category -,

Proposition 3.16 (BOOK, Proposition 1.2.5.1 (Joyal)). C

(1) C  oo-category homotopy category hC  groupoid.
(2) ¢  Kan complex.
oo-category C  morphism (f : X - Y) €y  equivalence
oo-category C
hC = hC[C]
[BOOK, Definition 1.1.5.14.]

hC[f]: {8 % 8} = hC[AY] — hC[C] =: hC

. 0 1
hC[f](@) € Morcc1(hC[e], hC[e])
isomorphism
Proposition 3.17 (BOOK, Proposition 1.2.5.3 (Joyal) ). oo-category
C , ¢ Ccc¢C C’ edge C equivalence [BOOK,
Proposition 1.2.4.1. ]

C’ Kan complex
VKan complex K,

HomSEtA (K7 C/) — HomSetA (K7 C)

[BOOK, Proposition 1.2.5.3] C — C' Kan complex
SSets Kan
oo-category SSets Catso

i ( Kan, Cats )

Kani&ztoo
)

HomICan(K7 Q/) = HomCatoo (’L(K)a Q)
oo-category @ Kan complex @’ Q —Q

Q") = Grouppoid (hQ)
C  Groupoid(C) C
Q' oco-category QQ largest Kan complex
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0

rf CatoAO = Setz T
Definition 3.18 (Definition 3.1.0.1.). X
edge( X vertex )
edge E (X,€)
marked simplicial set X  edge &
marked

marked simplicial set
f(X€) = (X, £
[ X=X f()C¢&

. . . +
marked simplicial sets Set A

S marked sim-
plicial set

. 5= (5, 8)
° Sb = (S, So(So))
Notation 3.19 (Notatien 3.1.0.2.). S

Set ™ = Set™ .
eA/S eA/Su

Good News. Set

cofibrant fibrant  object Set X ¢ CatoAO
a .
Cat’y = Set X
-, Cat’ Kan
3 - (small ) S

Set X s Cartesian

Question.
° marked simplicial set

o Cartesian
Cartesian fibration




— marked simplicial set _

Trial and Error (BOOK, 3.1.).

p Setp Joyal
fibration Categorical fibration

S — Cats
s+ Xy =pi(s)

Categorical fibration p: X — S
X5 S S edge

tion coCartesian fibration

e Cartesian fibration  coCartesian fibration

fibrant replacement
° marked edge

e S = Cateo = N(Caty) S “fibration” p : X — S

p

s€S X, =p1(s) oo-category

Cartesian fibra-

edge “ ” edge
target (Cartesian fibration ) edge source
(coCartesian fibration )

e p: X — S Cartesian fibration S edge
frz—y X p@=y vertex g p(f)=f
p-Cartesian edge f : & — § X p-
Cartesian edge

e marked (Setp) /s Joyal

fibrant Cartesian
fibration fibrant replace-
ment:
W: X8 %@ Y —S)
) G
W@ Y
phﬁ"\k /
S
X edgef fibratn replacement
o(f) Y g-Cartesian edge Y

17
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-~ p-Cartesian edge, Cartesian fibration, coCartesian fibration

Definition 3.20 (BOOK, Definition 2.4.1.1.). p: X —
S inner fibration f:z—y X
edge

f  p-Cartesian

X/f — X/y XS 1w S/p(f)

trivial Kan fibration

Definition 3.21 (BOOK, Definition 2.4.2.1.).
p: X — S Cartesian fibration

(1) p  inner fibration.
(2) S edgefiz—y X py) =y
vertex 7 p(f)=1rf

p-Cartesian edge f T =y
p  coCartesian fibration
opposite poP . XOP — SOP
Cartesian fibration

Proposition 3.22 (Proposition 2.4.2.4.).
p: X —S§ inner fibration

(1) p  Cartesian fibration

X edge  p-Cartesian.
(2) p  right fibration.
(3) p is a Cartesian fibration

P fiber  Kan complez.

Question. (Setx)/s

X € (SetZ)/S
fibrant
— Cartesian fibration Y — S
X ~ Yt

Answer. Yes! Cartesian

Remark. f  Joyal weak equivalence
Categorical equivalence Clf]
Dwyer-Kan Cartesian
weak equivalence Cartesian equiva-
lence
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Fact (BOOK, 3.1.3.). (Set) Cartesian closed
XY € (Set)) V¥ € (Set))
“ "YEx X =Y Z € Set

Homggs (Z,Y") = Homggr (Z x X,Y)

Definition 3.23 (BOOK, 3.1.3.).
Map’(X,Y): (YX € Setr) marking

Seta

Map(X,Y): o C Map’(X,Y)
edge YX marked edge
Map’(X,Y)

( supscriptb, f )
Homset, (K, Map’(X,Y')) ~ Homgg+ (K* x X,Y)
Homset,, (K, Map®(X,Y)) ~ Homgg+ (K* x X, Y)
YX
(YY), := Homset, (A", Map’(X,Y))
~ HomSetZ((A")b x X,Y)
Y¥*  marked edge
— Homget, (A", Map*(X,Y))
~ Homgge ((A")F x X, Y)

3 ~

Definition 3.24 (BOOK, 3.1.3.). "X,"Y € Setx s

Mapy(X,Y) = Map’(X, Y) N Mapet,) (X, Y)
Map(X,Y) = Map!(X,Y) N Mapset,) (X, Y)
Remark (BOOK, Remark 3.1.3.1.). X €

Set X s Cartesian fibrationp : Y — S

Map%(X, Y*): co-category;
MapﬁS(X, Y oo-category Mapy(X, V)
largest Kan complex.
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- Cartesian model structure -,
Lemma 3.25 (BOOK, Lemma 3.1.3.2). oo-category f:C—DD
TFAE:

D f  categorical equivalence.

(2) K Fun(K,C) — Fun(K,D) cat-
egorical equivalence.

3) K Fun(K,C) — Fun(K,D)
Fun(K,C) largest Kan complex Fun(X,D) largest Kan
complex

Proposition 3.26 (BOOK, Proposition 3.1.3.3.). S
(Setz)/s pX—)Y

(1) YCartesian fibration Z — S,
Maps (Y, Z*) — Map3(X, Z*)

oo-category
(2) YCartesian fibration Z — S,

Map? (Y, Z%) — Map% (X, Z)
Kan complex  homotopy

(Set})/s XY Proposition 3.1.3.3.
Cartesian equivalence

Proposition 3.27 (BOOK, Proposition 3.1.3.7.). S

(Sety) /S Cartesian model structure left proper,
combinatorial  model structure
(C) cofibration cofibration
(W) weak equivalences  Cartesian equivalences.
(F) fibrations cofibration Cartesian equivalence
right lifting property
Proposition 3.28 (BOOK, Proposition 3.1.4.1.). X € (SetZ)/S
Cartesian model structure fibrant
= Cartesian fibration Y — S X ~ Y,
Question. S base Cartesian fibration
Answer. fibrant object M source, (SetZ) /S
target Quillen Quillen

M fibarant object




!
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'
Theorem 3.29 (Theorem 3.2.0.1.). S (small )
C :simplicial category Catp

¢ : C[S] — CP

+
St¢

(Set) js—————=(Set )",
Un;_

D (St;f, Un;)
e (Set}) ssWith the Cartesian model structure
° (SetZ)c with the projective model structure
Quillen adjunction
(2) ¢ simplicial category
(= )
(St;,Ung)  Quillen equivalence.
Sty straightening functor ,
Un;; unstraightening functor

“unmarked”  version ( )

Theorem 3.30 (Theorem 2.2.1.2.). S (small )
C :simplicial category Catp

¢ : C[S] — CP

Sty

(Setp) s=—————=(Setx)",
U'I’L¢

D (Stg, Ung)
e (Setp),swith the contravariant model structure

e (Setx )¢ with the projective model structure
Quillen adjunction
(2) ¢ simplicial category
(= )
(Stg,Ung)  Quillen equivalence.

marked version
"p: X =S
S — Catso
s X5 =pH(s)

Remark. (Set})¢ fibrant Ung
(Setz)/s fibrant i.e. base S Cartesian fibration

Question.
e projective model structure
e contravariant model structure
° St;,Un;;
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¢~ projective model structure  injdective model structu=
Notation 3.31 (BOOK, A.3.3).

S := excellent
A = combinatorial S-
cC:= S-

Al :=¢ A S-

S =58et,C =Sing [C[K]|, A = SSets A = §SetsSNICIK
Definition 3.32 (BOOK, Definition A.3.3.1.). A€ a'F—G
. cecC F(C)—-GO) A cofibration
weak cofibration
e CecC FQC)— GEC) A fibration
weak fibration
o (e F(C)—-GEC) A weak equivalence
weak equivalence
e A°  weak equivalence weak cofibration B
right lifting property strong fibration
o A€ weak equivalence weak fibration 1654
left lifting property strong cofibration
Remark (BOOK, Remark A.3.3.5.). CeCAcA , F§ e AC
D — A® Map.(C, D).
[BOOK, Proposition A.2.8.3] , A strong cofibrations
A cofibration A — A’ j:FS = FS cofibrations

strong cofibration  weak cofibration
strong fibration  weak fibration

Proposition 3.33 (BOOK, Proposition A.3.3.2). A¢ combinatorial
model structures

e strong cofibrations, weak equivalences, weak fibrations
projective model structure.

e weak cofibrations, weak equivalences, strong fibrations
injective model structure.

Remark. A° projective model structure  injective model structure
[BOOK, A.3.3.5] e:A°®C— A

e (A9 ®C— A°

Proposition 3.34 (BOOK, Proposition A.3.3.7.). f:C = C’ S-
S- FIAC S AC
fr fx i :
1) (f, f5)  A°  A®  projective model structures Quillen
() f=, fe) AC A injective model structures Quillen
Proposition 3.35 (BOOK, Proposition A.3.3.8)). f:C — C’ S-
S-
(1) Quillen i, f5) A°  AS  projective model structures
Quillen
0
(2) Quillen f*, f) AC  AC injective model structures
Quillen




F-"COV&I'iaHt model structure

Definition-Proposition 3.36 (BOOK, Definition 2.1.4.5., Proposition

2.1.4.7., Proposition 2.1.4.8.).
S (SetA)/S
(C) covariant cofibration

(W) covariant equivalence
a
X<1
b'e
categorical equivalence
(F) covariant fibration

covariant equivalence

fiX—>Y

S—=Y< S

23
contravariant model strueture

A

Y

covariant cofibration
right lifting property

(SetA)/S covariant model structure

left proper combinatorial model structure
covariant model structure simplicial
simplicial model structure

Proposition 3.37 (BOOK, Proposition 2.1.4.10., Remark 2.1.4.11.).

) j: S =9 covariant model structure
Quillen G, 7%)
(Set) s ————=(seta);5-
X X
Py an Jjop
S S’
X' xg' S X'
R — o
S ’ S’
@ii) j : S — S categorical equivalence (i)  Quillen
(1,57)  Quillen
Definition 3.38 (BOOK, Remark 2.1.4.12.).
S (SetA)/S f:X=>Y
(C) cotravariant cofibration
(W) contravariaﬁt equivalence foP (SetA)/SOp
covariant equivalence
(F) contravariant fibration foP (SetA)/Sop co-

variant fibration

(SetA)/S contravariant model structure
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'S St¢, Un¢
Definition 3.39 (BOOK, 2.2.1). S,
C ¢ : C[S] — C
X € (Setp),s X" cone point v
o X — X* C[X] — C[X"]
e Clx] 25, i) 4 con
CoP {v} correspon-
dence ~
o CP = C[X*] ¢y C*
° F Cg{p — C[AY
o C® ~ 0}, {x}~ F 1}
[

C x {*} — Setp
(C, %) — Map ((C, %)
St X
Sty X : C — Setp
C = (StyX) (C) := Mapeer (C, *).
straightening functor Sty
Sty : (Seta) g — (Setp )¢
X = Sty X
unstraightening functor

Unyg : (Setp) — (Seta) /s
Sty
St

(SetA)/S—(SetA)C,
Un¢

Question. St ,Ung
.
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+ *
- St 5, Ny,
° X e (SetA)/S c € (X)o
(X)o — (X"), = Seta(Ah, X7)
— Cata(C[AY], C[XP]) — Cata(C[AY], c}':?
c— ckidpo: A= A% AD 5 XeeA0 = X°
¢ = (¢(c) = ) € Mapcer (4(c), ¥) = (SteX) (¢(c))
e X fie—d
(X)1 — (X7), = Setp (A%, X7)
— Cat A (C[A%], C[XP]) — Cata(C[AY],CY
fr= foidpo: A2 =A% AD 5 Xaen0 = x>
_ cg(p
o(c) —2— g(d)
2 o 27
= Mapegp (6(c), ¥) = (5tX) (¢(c)) _
edge (f : € — doo(f) = &(f)"d)
Definition 3.40 (BOOK, 3.2.1.2). S, Cz -

¢ C[S] — CoP

St3(X,€)

St3(X,€): C — Set}

C' SE(X,E)(C) 1= (514X (C), £4(C))
= Mapc‘;(p (Ca *)7 g(i)(c)

EHC)={C"F| (fid — €) € £,G € Mapeop(C, p(d))1}
straightening functor St;
3

+ . + +\C
Sty . Sety /S—>(SetA)

(X,€) = St%(X, )

unstraightening functor

+
St¢

- .
Unt : (Seth)° Set*
g (Set )" — 1N

Sty
(Set) js=—————=(Set )",

-

X, €& Set™}
(7)6 A/S
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~ Universal FibrationSs -
Step 1: Caty = (Set})? — Set)
(projectively) fibrant object F € (Set; )Catx.
Step 2:
(q: Z — Cat?®) := Ungatgg(]:) € (Setx) /cator

universal Cartesian fibration

Cartesian fibration p : X — S
P f:S8 — Cat®
Cartesian fibration equivalence

X—>Z><CatggS:Un§f

Step 2’: ¥ coCartesian fibration
p: X —=>C C — Caty
Step 3: Kan Kan C Cat%;
“« o7 S := N(Kan)
S%® = N(Kan)® — N (Cat2)*P = Cat®
Step 4: S% — Cat® CatP

universal Cartesian fibration S°P

2=z X Cat® SO Z
q° q
SP ———~CatP
QP : 2% - 8% = N(Kan)%®P Carte-
sian fibration fiber Kan

right fibration
universal right fibration
right fibration p : X — C
p f:C— 8% =N(Kan)

right fibration equivalence
X = 2% x50 C = Uni f

Step 4’: ¥ left fibration p : X — C
C —S=N(Kan)
Step 5: Step4 P(C) := Fun(C®,N(Kan))

C right fibration
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3.3. Simpson  presentable oco-category

Abelian Group Presentable co-category
Commutative Ring oo-topos
Simpson presentable co-category

oo-category Yoneda's lemma

(5)

~ Simpson’s characterization of presentable oco-category -,

Theorem 3.41 (BOOK, Theorem 5.5.1.1 (Simpson) ).
oo-category C
(1) co-category C  presentable.
(2) oco-category C  accessible K
, C*  k-small colimits
(3) K C  k-accessible c*
k-small colimits
(4) Kk Kk-small colimits small
oo-category D equivalence Ind,, D — C
(5) small co-category D C P(D)
accessible localization :
(6) oco-category C locally small — small colimits
, k C k-compact object
(small) set S C
S span C
small diagram — colimit

Question. Simpson’s characterizqation

e [ocalization
° K

Definition 3.42 (Definition 5.2.7.2.). oco-category
f:C—D localization f fully faithful
right adjoint
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s K ™
Definition 3.43 (BOOK, Definition 5.3.4.5.). C small, x-filtered
colimits oo-category f C —- D
k-continuous k-filtered colimits .

KAN( ) large Kan C (
Homc(e, @) small large  )oo-
category C( largeco-category oo-category?)

jo:C— &= N(KAN)
D — N (Sing | Home(C, D))

C  k-filtered colimits jo  k-continuous , C
k-compact
C compact < C  w-compact ( C  filtered colimits
).
Kk, smNaII, k-filtered colimits oo-category C
left fibration C — C  k-compact k-continuous c—d

Notation 3.44 (BOOK, Notation 5.3.4.6.). oo-category C

K c* (. k-compact object span
. _,,-
Abelian Group Presentable
oo-category Commutative Ring 00-
topos Simpson pre-
sentable co-category oo- category Yoneda’s
lemma (5)
00-topos (5) “left exact”
4. co-topos
r" 00-topos -
Definition 4.1 (BOOK, Definition 6.1.0.4.). oco-
category X oo-topos small oo-category C

accessible left exact localization functor P(C) — X

\. ,
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“left exact”
Abelian Groups  Commutative Rings

Definition 4.2 (BOOK, Definition 5.3.2.1.).
(i) oo-category F:A—B K
F  k-right exact
<= Y right fibration B’ — B where B’ is s-filtered, oo-

category A' = A x5 B’ k-filtered.
F  right exact <= w-right exact.
(ii) co-category F:A—B K

F  k-left exact
<= 7 left fibration B’ — B where B’ is k-filtered, oo-
category A' = B' x5 A k-filtered.
F  left exact < w-left exact.

[BOOK] Simpson’s characteriza-
tion of presentable oco-category oo-category
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