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§ Our Problem

There are (finite) Oliver groups G such that
RO(G)EG) — o

P(G) —
but
RO(G);C& £ 0.
Examples:

(1) PXL(2,27) (Pawatowski-Solomon)
(2) SG(864,2666) (Sumi)
(3) SG(864,4666) (Sumi)

We ask whether Sm(G) # 0 for such a group G.



RO(G): real representation ring

For A C RO(G), F, G C S(@),

Ap ={V-W e A|resygV =resyW (VH € F)},
A9 ={v-weA|VvE=0=wE (vK €9)},
AG = (AY) £

Thus,

RO(G)pgy ={V —-W | V, W: P(G)-matched},

RO(G)yity ={V —W | V, W: P(G)-matched, type 0}

dimV¢ =0 =dimw¢.




p. a prime

G1P} (Dress subgroup): the smallest normal subgroup of G s.t.

G/G{p} has p-power order.

L(G) is the set of ‘large subgroups’ of G, i.e.

L(G) ={L<G|L> GP}  for some pt.

GMl: the smallest normal subgroup of G s.t.

G/G" is nilpotent.



V ~5 W (Smith equivalent) < 3 homotopy sphere X s.t.

SC = {a,b}, Tu(Z)=V, Tp(Z)=W.

Sm(G) :={V - W € RO(G) | V ~g W}.



Smith equivalent pairs (V, W) obtained by various authors satisfy
vN=0=w"V

for all N<G s.t.
|G/N| = prime.

Prob. We would like to find Smith equivalent pairs (V, W)
S.t.

vV £0 and W& =0
for some N <G such that |G/N| = p (some odd prime p).




Sumi’s Prob. T. Sumi (06) checked whether Sm(G)p(G) =0
or not for G (order < 2000) ¢ List 1.

SG(m,n) ac dap? G/G™ N.B.
SG(864,2666) 2 Yes C3 4
SG(864,4663) 3 NO Cg
SG(864,4666) 2 VYes C3 4
SG(864,4672) 5 Yes QgxC3
SG(1176,220) 2 Yes C3 -0
SG(1176,221) 2 Yes Cs .0

SG(1152,155470) 2  Yes Ce
SG(1152,157859) 2  Yes Ce

List 1




§ Real Projective Space
Hypothesis: G"i! = G1P} £ G (p: an odd prime).

V: a real G-module s.t. V&G =R. N :=gnl,
M = P(VN): the real projective space. Then

MY ={z}, T(M)@®ey Zya V",
T(M)Y @eyr 2,0Vl (Le(a)),
v P WJ‘ =M x V.

W: an L(G)-free G-module P(G)-matched with V.

v = (V)P (vt ®@ W). Then

resp(nar) E2p (Y& @V Zp M x (VN @ V).

nyl = Yz ® v =)k ®eyr for Le L(G).



§ Results

G: an Oliver group satisfying Hypothesis.

N = Gnil — G{p}
R[G], = R[G] — R[G/N].

Lem 1. V and W: as above. a: a sufficiently large integer.

Then 3 a smooth G-action on a disk D s.t.

(1) DY = {a},

(2) DL, = P(VN)L (conn. component) for all L € £(G),
(3) (|m1(D9)],q) =1 for any Q € P(G) and |Q| = ¢* > 1,
(4) To(D) = (V = V) @ R[G] 7.




R[G/N]q := R[G/N] — R[G/N]C.

A P(G)-matched pair (Uy,Uy) is called of type R[G/N] if

UiY = R[G/N] and UY = 0.

A P(G)-matched pair (V1,V5) is called of type R[G/N]s" if there
exists a P(G)-matched pair (Uy,Us) of type R[G/N] such that

v = W —UH®" and V¥ = 0.

In the case n =0, V{' =
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Lem 2. Suppose N has a subquotient = Dy, (¢ # 7).
(Vl(i),VQi)): a P(G)-matched pair of type R[G/N]s"™ with re-
spect to (Ufi), UQ(i)) of type R[G/N] (1 <i<m).

Suppose Vl(l), Vl(m) are P(G)-matched with one another.
a. a sufficiently large integer

= 4 a smooth G-action on a disk D such that
(1) DC = {a, .. ., Tm},
(2) DV, = P(Ufz)N)X”i (conn. comp.), 1 <i<m,

(3) Tr,(D) = VD @ RIG] P2

R[G]. = RG] — R[G/N]
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Thm 1. V: a gap G-module.

dim V¥ > 2dim v whenever P € P(G), P< H

Suppose N has a subquotient = Dy, (¢ # 7).
(Vl(z),VQ(Z)): a P(G)-matched pair of type R[G/N]s" with re-
spect to (Ufb), UQ(Z)) of type R[G/N] (1 <i < m).

Suppose V1(1>, Vl(m) are P(G)-matched with one another.
a, b: sufficiently large integers

= 4 a smooth G-action on a sphere S such that
(1) 8¢ ={z1,...,zm},
(2) SNy, = P(UfZ)N)X”i (conn.comp.), 1 <i<m,

(3) Ti,(S) 2 VD @ RG] P & V.
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Cor 1. G: Oliver group s.t.

(1) [G/G™| =p (p odd prime),  (2) RO(G)py(gy 7 O.

(3) G"! has a subquotient £ Dy, (¢ # 7).

Then G is a gap group and Sm(G) D Z. Particularly,

if p= 3 and RO(G);{DC(%) =~ 7, then Sm(Q) = RO(G);;%).

Cor 2. If G = PXL(2,27), SG(864,2666), or SG(864,4666)
then Sm(G) = RO(G);{DC%) ~ 7,
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§ Representations of PX L(2,27)

G = PXL(2,27) = PSL(2,27) x Aut(FF>7).
IPSL(2,27)| = 9828,

|Aut(F»7)| = 3, and

|IPXL(2,27)| = 29484.

PSL(2,27) = [G,G] the commutator subgroup.
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The character table of the irreducible complex G-representaions
is as follows.

la 6a 6b 3a 3b 2a 14a 7a 3c 3d 9a 9b 9¢c 9d 13a 13b
2P 1a 3a 3b 3b 3a la 7a 7a 3d 3c 9b 9a 9d 9c 13b 13a
3P 1la 2a 2a la la 2a 14a 7a la la 3d 3c 3c 3d 13a 13b
5P 1la 6b 6a 3b 3a 2a 14a 7a 3d 3c 9b 9a 9d 9c 13b 13a
TP la 6a 6b 3a 3b 2a 2a 1a 3c 3d 9a 9b 9¢c 9d 13b 13a
11P 1a 6b 6a 3b 3a 2a 14a 7a 3d 3c 9b 9a 9d 9c 13b 13a
13P 1la 6a 6b 3a 3b 2a 14a 7a 3c 3d 9a 9b 9¢ 9d 1la 1a

X.1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
X.2 1 A /A /A 1 1 1 1 1 /A A/A

X.3 1 /A A A /A 1 1 1 1 A /A A /A 1 1
X.4 13 1 1 1 1 1 1-1 C/C A /A /A A
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13 1 1 1 1
13 A /A /A A

1-1/C C/A A A /A
1-1 Cc/C 1 1 A /A

=

o T T B~ o B o B~ - B~ I

1
1
13 /A A A /A 1 1-1/C C 1 1 /A A
1
1

13 A /A /A A 1-1/C C A/A 1 1
13 /A A A /A 1-1 Cc/C/A A 1 1
2r -1 -1 3 3 -1 -1-1

27 -/A -A B /B -1 -1 -1

27 -A-/A/B B-1 -1-1 . .

78 6 -1 1 -3 -3

78 -6 1 1 -3 -3

84 3 3

84 3 3

E(3)"2, B = 3*xE(3)"2, C = -E(3)+2%E(3) "2,
E(13) "2+E(13) "5+E(13) "6+E(13) "7+E(13) "8+E(13) "11

*D



The complete representatives of irreducible real G-representaions

are R, V7, ..., V1o with characters
Y.0 = X.1,

Y.1 =X.2 + X.3

Y.2 = X.4 + X.5,

Y.3 =X.6 +X.7,

Y.4 = X.8 + X.9,

Y.5 = X.10,

Y.6 = X.11 + X.12,

Y.7 = X.13,

Y.8 = X.14,

Y.9O = X.15,

Y.10 = X.16, respectively.
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Remark 1. The group P> L(2,27) is isomorphic to the subgroup
of Ssg, the symmetric group on 28 letters, generated by the four

elements
o1 = (1,16,23,27,9,6,25,11,13,12,26,18,7)
(3,19,28,21,22,17,20,8,14,5,4,15,24),
oo = (3,19,10,25,16,6,21,12,27,17,8,23,14)
(4,7,22,13,28,18,9,24,15,5,20,11,26),
o3 = (1,20,28,2,9,27,23,10,24,14,25,21,15)
(4,18,16,6,13,22,26,11,17,8,5,7,12),
o4 = (3,25,16)(4,13,28)(5,9,18)(6,17,21)(7, 26, 24)
(8,10,27)(12,19,14)(15, 20, 22).
We regard this subgroup as P> L(2,27).
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N =" =g = [G,q].

RO(G);C(%) has the basis [E1] — [E>] such that

E1=3V1 &3V3® 3V, P 2Vg,
Ey = 3Vg G 2V7.

Note that dim E{Y =6 and EX = 0.
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os = (1,19,4,8,11,15,13,7,5,9, 12,28, 25, 2)
(3,22,16,17,6,23,18,24,10,20,26,21,14,27) € N

Ord(0'5) = 14.

The normalizer Ny({o5)) = D>g.
By Oliver, 3 a P(G) -matched, real N-representation pair

(U37 U4)

such that dimUY =1 and UY =
Set E3 = ind{Usz and E4 = ind§Uy.
Then dimES = 1, dim EY = 3, and EJY = 0, moreover E3 has

the form
E3=R®V; ® Ey with E{ =0.
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§ Representations of SG(864,2666)

Let G = SG(864,2666). Then the character table of irreducible
complex representations of G is as follows.

la 3a 2a 6a 2b 2c 4a 4b 4c 4d 3b 3c 6b 3d 3e 6¢
2P l1la 3a 1a 3a 1a 1a 2b 2b 2b 2b 3d 3e 3d 3b 3c 3b
3P la l1a 2a 2a 2b 2c¢c 4c 4d 4a 4b 1la 1la 2c¢ 1a 1a 2c
oP la 3a 2a 6a 2b 2c 4a 4b 4c 4d 3d 3e 6¢c 3b 3c 6b

X.1 1 1 1 1 1 1 1 1 1 1 1 1 1
X.2 1 1 1 1 1 1 1 B B B /B /B /B
X.3 1 11 11111 11 /B /B/B B B B
X.4 2 2 2 2-2-2 . . . . -1 -1 1 -1 -1 1
X.5 2 2 2 2-2-2 . . . . -B -B B-/B-/B/B
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X.6 2 2 2 2 -2 -2 . -/B-/B/B -B -B B
X.7 3 3 3 3 3 3-1-1-1-1

X.8 3 3-1-1-1 3 1 /A 1 A

X.9 3 3-1-1-1 3 1 A 1 /A

X.10 3 3-1-1-1 3 A 1/A 1

X.11 3 3-1-1-1 3/A 1 A 1

X.12 6 6 -2-2 2-6 . . . . . . . .
X.13 8-1 8-1 . . . . . . 2 -1 . 2 -1
X.14 g8-1 8-1 . . . . . . c-/B . /C -B
X.15 8-1 8-14 . . . . . . /C -B . C -/B
X.16 24 -3 -8 1

A = -1-2%E(4), B = E(3)"2, C = 2xE(3).



The characters of irreducible real G-representations are

Y.0 = X.1,

Y.1 = X.2+X.3,
Y.2 = X.44+4X .4,
Y.3 =X.5+X.6,
Y.4 = X.7,

Y.5 = X.8+X.9,
Y.6 = X.10+X.11,
Y. 7 = X.12,

Y.8 = X.13,

Y.9 = X.14+X.15,
Y.10 = X.16.



A basis element of RO(G);{DC%)

V —-W
with
— [07 37 17 57 67 O? 07 07 O? 07 2]7

— [07 07 O) 07 07 27 27 47 27 27 O]'

G D D1o
The pair (E1, E>) with

El — [17 17 172737 07 O) O) 07 07 1]7

k> =10,0,0,0,0,1,1,2,1,1,0]
is a P(G)-matched pair of real type 1.
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§ Representations of SG(864,4666)

Let G = SG(864,4666). The character table of irreducible com-
plex G-representations is as follows.

la 3a 2a 2b 6a 2c 4a 4b 4c 4d 3b 3c 6b 3d 3e 6¢
2P l1la 3a 1la la 3a la 2a 2a 2a 2a 3d 3e 3d 3b 3c 3b
3P la l1a 2a 2b 2b 2c 4a 4b 4c 4d 1la 1a 2a 1la 1a 2a
oP la 3a 2a 2b 6a 2c 4a 4b 4c 4d 3d 3e 6¢c 3b 3c 6b

X.1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
X.2 1 1 1 1 1 1 1 1 A A A /A /A /A
X.3 1 11 11 1 1 1 1 1 /A /JA/A A A A
X.4 2 2-2 2 2-2 . . . . -1 -1 1 -1 -1 1
X.5 2 2-2 2 2-2 . . . . -A -A A-/A-/A/A
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-A A

-A

. /A -/A /A

3 3 3 3 3 3-1-1-1-1

-2
3 3 3-1-1-1-1

-2 2 2

2 2

X.6

X.7
X.8

3 -1 -1

3 -1

3 3 3-1-1-1-1-1

X.9

3

3 3 3-1-1-1-1-1-1
3 3 3-1-1-1

10
11

X.

3 -1-1-1

X.

-2 -2 2

6 6 -6

12
13
14
15
16

X.

X.

-A

/B

B -/A

/B

X.

B -/A

-A

X.

X.

2xE (3)

A =E3)"2, B



Thus the characters of irreducible real G-representations are

© 0 N O O » W NN —~ O
]

P T T~ B B~ e B - e B -
00)

.10,

.11,
12+X.12,
X.13,
X.14+X.15,
X.16.

—_
o
Il

K KK KKK KKK KKK
=
-
I

[
N
I
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A basis of RO(G);{DC%)

V —-W
with
— [07 37 17 57 67 O? O? 07 07 O? 07 07 2]7

— [07 07 07 O) 07 27 27 27 27 27 27 27 O]'

G D Dqo
The (El,EQ) with

El — [17 17 1727 37 O) 07 O) O) 07 O) O? 1]7

k>, =10,0,0,0,0,1,1,1,1,1,1,1,0]
is a P(G)-matched pair of real type 1.
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