POINCARÉ SHEAVES ON TOPOLOGICAL SPACES

Steven Hutt

University of Edinburgh

Abstract. We define the notion of a Poincaré complex of sheaves over a topological space. Global surgery invariants of spaces and maps are expressed as the assembly of locally defined surgery invariants. For simplicial complexes we recover the theory of Poincaré cycles of Ranicki. For more general spaces we obtain local surgery invariants in the absence of triangulations.

1. Introduction.

The applications of surgery theory to areas such as controlled topology, homology manifolds and stratified spaces suggest the need for local surgery invariants. Such a local theory was constructed in the simplicial category by Ranicki [10]. In this paper we develop an analogous theory in the topological category of locally compact topological spaces using the methods of sheaf theory.

The main objects of study are complexes of sheaves with a Poincaré duality, that is, Poincaré sheaves. For example, the singular cochain sheaf of a manifold admits a natural Poincaré duality. Taking global sections recovers the chain level cup-product as well as the higher relations determining the Steenrod squares. The advantage of having a sheaf is that we may also take local sections over an open subset, thus obtaining local invariants. Typically we might consider sections over an open neighbourhood of a submanifold thus obtaining invariants of the germ neighbourhood of the submanifold, (cf. [2]). Another important example is the intersection cohomology sheaf of a pseudo-manifold which (at least at the prime 2) admits a natural Poincaré duality. This was used in [4] to introduce Steenrod operations in the intersection cohomology groups.

We show other manifold invariants may be sheafified. For example, if f : M^′ → M is a (proper) normal map of manifolds then there is determined a natural Poincaré sheaf on M. (Unlike the above examples whose underlying sheaves were built from singular chains this sheaf is built from the the Godement canonical sheaf of the associated spaces. This sheaf has better homological properties as well as admitting a canonical symmetric structure rather than just a canonical class as in the singular theory.) Taking global sections of this sheaf recovers the surgery obstruction of f. Taking sections over open subsets determines local surgery invariants. In the case that f is a homotopy equivalence the sheaf carries the splitting invariants of submanifolds. Similarly there is a sheaf theoretic version of the total

1991 Mathematics Subject Classification: 18F20, 18F25; 57N65, 57N65

Typeset by AMS-TEX

surgery obstruction for a compact ANR Poincaré space. Together with the splitting results below we recover the Quinn invariant of a homology manifold. We shall explore applications of this approach in a further paper concerning exotic homology manifolds.

Poincaré sheaves have good transversality properties. Any Poincaré sheaf over X × R is cobordant (over an arbitrarily small neighbourhood of X) to a Poincaré sheaf that splits over X. It follows that the cobordism groups of Poincaré sheaves form a homology theory. For a locally finite simplicial complex we recover the Lhomology groups of Ranicki [10]. For an arbitrary space we obtain a topologically invariant homology theory. This leads to a quick proof of the topological invariance of the rational Pontrjagin classes of a PL-manifold, without using the Bass-Heller- Swan calculation K̃_0(Z[Z^i]) = 0, i ≥ 0.

Using sheaves gives direct construction of invariants which previously required triangulation for their definition. For example, the Cappell-Weinberger geometric construction of Siebenmann periodicity may be performed in the topological category and described algebraically using associated sheaves, [5]

The author would like to express his thanks to Andrew Ranicki for suggesting the theme of this paper.

2. Perfect Sheaves and Weak Chain Duality.

Let R be a commutative Noetherian ring with unit of finite cohomological dimension and X a locally compact space satisfying dim_R X < ∞ (this is cohomological dimension with respect to compact supports [1;II,15]). Let Sh(X)^· denote the category of perfect complexes of sheaves on X, [11]. There is a dualizing complex of sheaves D^·_X on X inducing a weak chain duality on Sh(X)^·. We recall the construction of D^·_X in this section.

Let C^·_X denote the canonical Godement resolution of the constant sheaf R_X on X [1; II.2] 0 → R_X^ϵ→ C^0_X^d→ C^1_X → · · · → C^n_X → · · · which is a resolution of R_X by flabby sheaves. By definition C^0_X (U) is the Rmodule of serrations (ie. not necessarily continuous sections) of R_X over the open set U ⊂ X. In other words

C^0_X (U) = ∏ x∈U (R_X )_x = ∏ x∈U R.

Then R_X ⊂ C^0_X as the subsheaf of germs of sections. To construct C^1_X form the short exact sequence 0 → R_X → C^0_X → L^1_X → 0.

Then C^1_X = C^0(L^1_X ) is the sheaf of germs of serrations of L^1_X . Continuing gives the canonical resolution.

The canonical resolution is naturally pointwise contractible to R_X . For x ∈ X define maps η_x : (C^i_X )_x → (L^i_X )_x ; s → s(x), evaluating the germ of a serration at x, and ν_x : (L^{i+1}_X )_x → (C^i_X )_x by the relation ν_x · d = 1 − ϵ · η_x. Then D_x = ν_x · η_x : (C^i_X )_x → (C^{i−1}_X )_x, i ≥ 1, is a pointwise contraction of C^·_X . The contraction D allows the construction of a natural product on C^·_X extending that on R_X and which is commutative up to higher homotopies, ie. there is a system of maps h_s : C^·_X ⊗ C^·_X −→ C^·_X ; s ≥ 0, deg(h_s) = −s, satisfying the relations h_s + (−)^{s+1}h_s · T − h_{s+1} · d + (−)^sd · h_{s+1} = 0.

(See [1;II.21] for details.)

Let ϕ be a family of supports on X [1;1.6] and Γ_ϕ the functor taking a sheaf A to the R-module Γ_ϕA of sections of A on X with support in ϕ. For the family of compact supports we write ϕ = c. If no support is specified then it is understood to be the family of closed supports. The sheaf cohomology of X with constant R-coefficients and support in ϕ is given by H^i_ϕ(X; A) = H^i(Γ_ϕ(C^·_X )), i ≥ 0.

The system of maps h above determines cup-products and Steenrod squares on the sheaf cohomology.

Remark There is a natural homomorphism H^∗_ϕ(X; R) −→_ΔH^∗_ϕ(X; R) from singular cohomology to sheaf cohomology, which in the case X is HLC is an isomorphism. (X is HLC if for each x ∈ X and open V ∋ x there is an open U ∋ x contained in V such that the homomorphism of singular homology groups ΔH̃_∗(U) →_ΔH̃_∗(V ) is zero. This is equivalent to the singular cochain sheaf S·_X being a resolution of R_X , [1;III.1])

Let R → I^· be a (fixed) finite resolution of R by injective R-modules. Define a presheaf D^·_X on X by D^·_X (U) = Hom^·(Γ_c(C^·_X ), I^·), U ⊂ X open.

Then D^·_X is a complex of injective sheaves on X, called the dualizing complex of X (over the ring R) [11], [1;V.3],[6;III]. In the case that dim_RX = n < ∞ the canonical resolution C^·_X may be replaced by the truncated c-soft resolution 0 → R_X → C^0_X → C^1_X → · · · → C^{n−1}_X → L^n_X → 0 in the construction of D^·_X , where L^n_X = ker(C^n_X → C^{n+1}_X ). For such spaces we may then assume D^·_X is a bounded complex. The Borel-Moore homology groups of X with constant R-coefficients and support in ϕ are given by

H^ϕ_i (X; R) = H^{−i}(Γ_ϕD^·_X ).

For X HLC the Borel-Moore homology of X is naturally isomorphic to the locally finite singular homology. Let U ⊂ X be open then clearly (D^·_X )_{|U} = D^·_U so that restriction determines homomorphisms H^ϕ_∗ (X; R) → H^{ϕ∩U}_∗ (U; R), where ϕ ∩ U is the family {K ∩ U | K ∈ ρ}. The graded derived sheaf HD^·_X is called the sheaf of local homology groups and is generated by the presheaf U → H_∗(U; R).

Now suppose A^· ∈ Sh(X)^·. Define the dual sheaf DA^· to be the (perfect) complex of sheaves DA^· = Hom^·(A^·, D^·_X ).

There is a natural transformation

e(A^·) : A^· −→ D^2A^· = Hom^·(Hom^·(A^·, D^·_X ), D^·_X )

which for perfect sheaves is a quasi-isomorphism [11] and which satisfies

D(e(A^·)) · e(DA^·) = 1_{DA}· : DA^· → D^3(A^·) → DA^·.

Thus we have (see appendix)

Proposition 2.1. The triple (Sh(X)^·, D, e) is a category with weak chain duality.

This means that the notion of Poincaré duality (as in [10; 1.6]) may be applied to perfect complexes of sheaves of R-modules on X. We will without further mention assume all complexes of sheaves to be perfect. In particular we will only consider spaces whose canonical sheaf C^·_X is perfect. Even though the definition of a Poincaré complex of sheaves on X follows formally from [10], for the sake of completeness we give it here.

Definition 2.2. An n-dimensional symmetric {quadratic} Poincaré complex of sheaves (A^·, ϕ) {(A^·, ψ)} on X consists of a complex of sheaves A^· on X together with a collection of maps ϕ {ψ} ϕ^s :A^· → DA^·, s ≥ 0, deg(ϕ^s) = n − s, { ψ^s :A^· → DA^·, s ≥ 0, deg(ψ^s) = n + s }

satisfying the relations

dϕ^s + (−)^{n+s+1}ϕ^sd + (−)^{n+1}ϕ^{s−1} + (−)^{n+s}T ϕ^{s−1} = 0, s ≥ 0, ϕ^{−1} = 0, { dψ^s + (−)^{n+1}ψ^sd + (−)^sψ^{s+1} − T ψ^{s+1} = 0, s ≥ 0 } and such that the chain map ϕ^0 : A^· → Σ^nDA^· { (1 + T ) ψ^0 : A^· → Σ^nDA^· } is a quasi-isomorphism (ie. the induced map of derived sheaves is an isomorphism.) The relations are equivalent to the requirement that ϕ {ψ} is a (−n)-cycle in W^%A^· = Hom^·Z_[Z_{2]}(W, Hom^·(A^·, DA^·) = Hom^·Z_[Z_{2]}(W, Hom^·(A^· ⊗ A^·, D^·_X )) { W_%A^· = W ⊗Z_[Z_{2]} Hom^·(A^·, DA^·) = W ⊗Z_[Z_{2]} Hom^·(A^· ⊗ A^·, D^·_X ) }.

The definition is simply that of a Poincaré complex in the category with weak chain duality Sh(X)^·. If the quasi-isomorphism condition is dropped then we have merely a symmetric {quadratic} complex of sheaves on X. (See appendix for details.) For U ⊂ X open there are restriction maps W^%A^· → W^%A^·_{|U} , { W_%A^· → W_%A^·_{|U} . } The chain map ϕ^0 : A^· → Σ^nDA^· induces an isomorphism on homology ϕ^0_∗ : H^∗(X; A^·) −→ Σ^nExt^·(Γ_cA^·, R), (where we assume A^· is c-soft or else resolve.) For example, for R a field A^· admits a Poincaré duality isomorphism ϕ^0_∗ : H^i(X; A^·) −→ Hom(H^{n−i}_c (X; A^·), R).

Let f : X → Y and A^·, B^· be sheaves on X, Y respectively. Let f^∗B^· be the pullback sheaf on X and f_∗A^· be the direct image sheaf on Y . (Sometimes we write fA^· for the direct image.) Then f^∗ and f_∗ are adjoint functors. In particular the identity f^∗R_Y = R_X has adjoint a sheaf map R_Y → f_∗R_X which extends to a map h(f) : C^·_Y → f_∗C^·_X , inducing a homomorphism f^∗ : H^∗(Y ; R) → H^∗(X; R).

If in addition f is proper there is defined in an obvious way a chain map Dh(f) : f_∗D^·_X → D^·_Y of complexes of sheaves on Y . Given an an n-dimensional symmetric complex (A^·, ϕ) on X define the direct image of (A^·, ϕ) under the (proper) map f to be the n-dimensional symmetric complex (f_∗A^·, f_∗ϕ) on Y with f_∗ϕ given by (f_∗ϕ)^s : f_∗A^· ⊗ f_∗A^{· f∗ϕs}→ Σ^nf_∗D^·_X^{Dh(f)}→ Σ^nD^·_Y , s ≥ 0, or adjointly (f_∗ϕ)^s : f_∗A^{· f∗ϕs}→ f_∗Hom^·(A^·, D^·_X )^F→ Hom^·(f_∗A^·, f_∗D^·_X )^{Dh(f)∗}→ Hom^·(f_∗A^·, D^·_Y ). where F is the natural transformation. Similarly for quadratic.

Suppose A^· is a complex of c-soft sheaves (or else resolve by such a resolution).

Lemma 2.3. If (A^·, ϕ) is an n-dimensional symmetric Poincaré complex on X then the direct image (f_∗A^·, f_∗ϕ) under the proper map f : X → Y is an ndimensional symmetric Poincaré complex on Y . Similarly for quadratic.

Proof. The Poincaré-Verdier duality theorem [12],[6;3.1.10] may be expressed as a quasi-isomorphism of complexes of sheaves on Y

PV : f_∗Hom^·(A^·, f^!D^·_Y ) −→ Hom^·(f_!A^·, D^·_Y )

where f_! is the direct image with proper support functor [6;2.5] and f^! is its right adjoint. Since f is assumed proper the inclusion f_! → f_∗ is the identity. The map PV factors as

f_∗Hom^·(A^·, f^!D^·_Y ) → f_∗Hom^·(A^·, D^·_X )^F−→ Hom^·(f_∗A^·, f_∗D^·_)^{Dh(f)∗}→ Hom^·(f_∗A^·, D^·_Y ),

where the first map is induced by the isomorphism f^!D^·_Y = D^·_X , [6;3.1.16]. Thus Dh(f)_∗ · F is a quasi-isomorphism. But ϕ^0 : A^· → Hom^·(A^·, D^·_X ) is a map of c-soft sheaves so that f_∗A^· → f_∗Hom^·(A^·, D^·_X ) is a quasi-isomorphism and the lemma follows. �

In the case f : X → Y is not proper an n-dimensional symmetric complex of sheaves (f_!A^·f_!ϕ) on Y may still be constructed. Here f_!A^· is the direct image of A^· with proper support and

(f_!ϕ)^s : f_!A^· ⊗ f_!A^{· f!ϕs}→ Σ^nf_!D^·_X → Σ^nD^·_Y

where f_!D^·_X → D^·_Y is the adjoint of f^!D^·_Y = D^·_X . However it will not in general be Poincaré.

Definition 2.4. For a space X define the symmetric {quadratic} L-groups (with coefficients in R) of X, L^n(X; R) {L_n(X; R)}, to be the abelian group of cobordism classes of n-dimensional symmetric {quadratic} Poincaré complexes of (perfect) sheaves of R-modules on X. Then L^n(−; R) {L_n(−; R)} is a covariant functor on the category of locally compact spaces and proper maps taking values in the category of abelian groups.

The simply-connected assembly of an n-dimensional symmetric complex (A^·, ϕ) on a compact space X is defined to be the n-dimensional symmetric complex of Rmodules (p_∗A^·, p_∗ϕ) where p : X → pt maps X to a point. Similarly for quadratic. There are then defined simply-connected assembly functors

L^n(X; R) −→ L^n_p (R) { L_n(X; R) −→ L^p_n(R) } from the L-groups of X to the projective L-groups of R. Universal assembly (taking into account the fundamental group of X) is defined as follows. Let X be a compact space and (A^·, ϕ) an n-dimensional symmetric Poincaré complex of sheaves on X.

Let p : X̃ → X be the universal cover of X. Since p is a local homeomorphism the complex of sheaves Ã^· = p^∗A^· on X̃ admits the structure of an n-dimensional symmetric Poincaré complex of sheaves (Ã^·, ϕ̃), that is

(ϕ̃)^s : Ã^· ⊗ Ã^{· p∗ϕs}→ Σ^np^∗D^·_X = Σ^nD^·_{X̃} , s ≥ 0,

or adjointly ϕ̃^s : Ã^· −→ p^∗DA^· = Dp^∗A^· = DÃ^·, s ≥ 0. Applying the functor Γ_c we obtain maps

Γ_c(ϕ̃^s) : Γ_cÃ^· −→ Γ_cDÃ^·, s ≥ 0,

with Γ_c(ϕ̃^0) a quasi-isomorphism (as usual assuming A^· c-soft). By [11] Γ_c(Ã^·) is a perfect complex of R[π]-modules. Furthermore by definition Γ_c(DÃ^·) is the subcomplex of DÃ^·(X̃) = Hom^·_R(Γ_cÃ^·, I^·) consisting of maps with compact support. The support of a map f : Γ_cÃ^i → I^j is the smallest closed subset K ⊂ X̃ such that f(s) = 0 for all s ∈ Γ_cÃ^i satisfying |s| ∩ K = ∅. Since X is compact this is equivalent to the requirement that for each s ∈ Γ_CÃ^i there are at most a finite number of g ∈ π such that f(gs) ≠ 0. The map

Γ_cDÃ^· −→ Hom^·_{R[π]}(Γ_cÃ^·, I^·[π]) ; f → {f^′ : s → Σf(gs)g^{−1}}

is then an isomorphism. Thus the R[π]-module chain complex Γ_cÃ^· admits a system of maps Γ_c(ϕ̃^s) : Γ_cÃ^· −→ Hom^·_{R[π]}(Γ_cÃ^·, I^·[π])

such that Γ_c(ϕ̃^0) is a quasi-isomorphism. Since Γ_cÃ^· is a perfect complex this determines an n-dimensional symmetric Poincaré complex As(A^·, ϕ) in the category of bounded chain complexes of projective R-modules of finite rank. In particular there is defined an assembly functor

As : L^n(X; R) → L^n_p (R[π_1X]).

Similarly for quadratic. Writing S_{n+1}(X; R) for the cobordism group of n-dimensional quadratic Poincaré complexes of sheaves on X with a null-cobordant assembly we obtain the (sheaf theoretic) algebraic surgery long exact sequence (cf. [10;14.6])

· · · → L_{n+1}(R[π_1X]) → S_{n+1}(X; R) → L_n(X; R)^{As}→ L_n(R[π_1X]) → · · · .

3. Signatures of Spaces and Maps

Let Q^n(C^·_X ) {Q_n(C^·_X )} denote the Q-group of equivalence classes of n-dimensional symmetric structures on C^·_X , ie.

Q^n(C^·_X ) = H_{−n}(W^%C^·_X ) { Q_n(C^·_X ) = H_{−n}(W_%C^·_X ) }.

A proper map induces a homomorphism of Q-groups.

Proposition 3.1. Let X be a space and C^·_X the canonical resolution of the constant sheaf of R-modules R_X over X. There is defined a symmetric signature homomorphism σ^∗ : H_n(X; R) −→ Q^n(C^·_X ),

commuting with restriction to open sets and with assembly the symmetric signature of [9;II,1.2]. Furthermore a proper map f : X → Y determines a commutative diagram H_n(X; R)^{σ∗}−−−−→ Q^n(C^·_X ) f_∗ f∗ H_n(Y ; R)^{σ∗}−−−−→ Q^n(C^·_Y ) Proof. The system of maps {h^s : C^·_X ⊗ C^·_X → C^·_X }_{s≥0} may be regarded as a 0-cocycle Φ_X ∈ Hom^·Z_[Z_{2]}(W^·, Hom^·(C^·_X ⊗ C^·_X , C^·_X )).

The resolution ϵ : R_X → C^·_X determines a quasi-isomorphism of injective sheaves

Hom^·(C^·_X , D^·_X ) −→ Hom^·(R_X , D^·_X ) = D^·_X

so that any homology class α ∈ H_n(X; R) may be represented by a section of Hom^·(C^·_X , D^·_X ), ie. a chain map α : C^·_X → Σ^nD^·_X . Define an n-dimensional symmetric complex (C^·_X , ϕ) by

ϕ^s_α = α_∗ · h^s ∈ Hom^·Z_[Z_{2]}(W, Hom^·(C^·_X ⊗ C^·_X , D^·_X )).

The symmetric signature map is defined by H_n(X; R) → Q^n(C^·_X ) ; α → ϕ_α. For a proper map f : X → Y the commutative diagram in the statement of the theorem follows from the naturality of the 0-cocycles Φ_X and Φ_Y . �

Let S^·_X denote the sheaf of singular cochains on X with constant coefficients in R, [1;I.7,III.1]. If X is HLC then S^·_X is a resolution of the constant sheaf R_X and S^·_X (X) is the singular cochain complex of X. Acyclic models provides a system of maps {h^s : S^·_X (X) ⊗ S^·_X (X) → S^·_X (X)}_{s≥0} extending the product on R_X (with higher homotopies). To construct such a system on S^·_X it is necessary to obtain compatible systems for each open U ⊂ X. Rather than doing this one may proceed more simply using homological algebra to build a system g^s : S^·_X ⊗ S^·_X → I^·_X , s ≥ o, with I^·_X an injective resolution of R_X , g^0 extending the product on R_X and g^s, s ≥ 1, the usual higher homotopies. This is possible because S^·_X ⊗S^·_X is a resolution of R_X ⊗R_X . Note that any two such systems are homotopic. Thus we may construct a symmetric signature map

ΔH_n(X; R) ∼= H_n(X; R) −→ Q^n(S^·_X ).

Similar remarks apply to the sheaf of Alexander-Spanier cochains on A^·_X on X. The sheaves C^·_X , S^·_X and A^·_X are naturally quasi-isomorphic and all symmetric signature maps may be identified.

To relate these sheaf theoretic symmetric signatures to the chain level symmetric signature [9;II,1.2] we note that Hom^·(Γ_cS^·_X , R) = C^{lf}(X) is the chain complex of locally finite singular simplices on X. Since Γ_cS^·_X is a free R-module there is a quasi-isomorphism α : C^{lf}(X) → Hom^·(Γ_cS^·_X , I^·) = C^{lf}(X)^′. Let S^·_X → I^·_X be a quasi-isomorphism, where I^·_X is some resolution of R_X by injective sheaves. Both sheaves are Γ_c-injective so that there is determined a quasi-isomorphism

Hom^·(Γ_cI^·_X , I^·) −→ Hom^·(Γ_cS^·_X , I^·).

Since C^{lf}(X)^′ is a complex of injective R-modules the chain map

Hom^·(Γ_c(g), I^·) : W ⊗ Hom^·(Γ_cI^·_X , I^·) −→ C^{lf}(X)^′ ⊗ C^{lf}(X)^′

induced by the system g lifts up to homotopy to a chain map

Ψ^′_X : W ⊗ C^{lf}(X)^′ −→ C^{lf}(X)^′ ⊗ C^{lf}(X)^′. Let Ψ_X : W ⊗ C^{lf}(X) −→ C^{lf}(X) ⊗ C^{lf}(X)

be obtained by the application of acyclic models. Then, again by acyclic models, there is a homotopy (α ⊗ α) · Ψ_X ≃ Ψ^′_X · (1 ⊗ α).

Thus we obtain a commutative diagram ΔH_n(X; R)^{σ∗}−−−−→ Q^n(S^·_X ) ∼= H_n(X; R)^{σ∗}−−−−→ Q^n(C^{lf}(X)) where the lower horizontal map is the chain level simply-connected symmetric signature of [9] taking values in the dual Q-groups. Similar considerations apply to the nonsimply-connected signature. �

For a complex of sheaves A^· let H(A^·) denote the derived sheaf. Write H_i(A^·) = H^{−i}(A^·).

Example 3.2 An orientable R-homology manifold is a finite dimensional space X such that the derived sheaf H(D^·_X ) satisfies

H_q(D^·_X ) = 0, q ≠ n H_n(D^·_X ) ∼= R_X .

It follows for each open subset U ⊂ X the sheaf cohomology spectral sequence [1;1V.2] E^{p,q}_2 ∼= H^p(U; H^qD^·_U ) =⇒ H^∗(U; D^·_U ), collapses to an isomorphism ω_U : H^0(U; R) ∼= H_n(U; R).

The isomorphisms are compatible with restriction so that for each x ∈ X we have the commutative diagram H^0(X; R) −−−−→ (H^0R_X )_x γ_X γ^x H_n(X; R) −−−−→ (H_nD^·_X )_x where the horizontal maps are restriction, the vertical maps are isomorphisms and γ_x = lim_→ U∋x γ_U : (H^0R_X )_x = lim_→ U∋x H^0(U; R) → (H_nD^·_X )_x = lim_→ U∋x H_n(U; R). Thus for each x ∈ X, [X] = γ_X (1) ∈ H_n(X; R) restricts to a generator [X]_x ∈ (H_nD^·_X )_x, so that [X] may be represented by a quasi-isomorphism α : R_X → Σ^nD^·_X . It follows that the symmetric signature map takes [X] ∈ H_n(X; R) to an n-dimensional symmetric Poincaré complex of sheaves (C^·_X , ϕ_X ) on X. The symmetric signature σ^∗(X) ∈ L^n(X; R) of an n-dimensional R-homology manifold is defined to be the cobordism class of the symmetric Poincaré complex (C^·_X , ϕ_X ). � The algebraic suspension chain map Σ : ΣHom^·Z_[Z_{2]}(W, Hom^·(A^· ⊗ A^·, D^·_X )) −→ Hom^·Z_[Z_{2]}(W, Hom^·(ΣA^· ⊗ ΣA^·, D^·_X )) of [9] determines a chain map

ΣΦ_X : ΣHom^·(C^·_X , D^·_X ) −→ Hom^·Z_{[Z2]}(W, Hom^·(ΣC^·_X ⊗ ΣC^·_X , D^·_X )) and hence the suspended symmetric signature Σσ^∗ : ΣH_n(X; R) −→ Q^{n+1}(ΣC^·_X ).

This has a geometric interpretation. Let p : X × R → X be the projection map and ϕ the family of fibrewise compact supports on X × R. Let p_ϕC^·_{X×}R be the direct image relative to ϕ, [1;IV,3]. Then there is a suspension quasi-isomorphism Σ_X : ΣC^·_X −→ p_ϕC^·_{X×}R of sheaves on X. (This is a special case of the Thom quasi-isomorphism for locally trivial bundles constructed below.) Consider the chain map p_ϕ(Φ_{X×}R) : Hom^·(p_ϕC^·_{X×}R, D^·_X ) −→ Hom^·Z_[Z_{2]}(W, Hom^·(p_ϕC^·_{X×}R ⊗ p_ϕC^·_{X×}R, D^·_X )).

Then the diagram Hom^·(p_ϕC^·_{X×}R, D^·_X )^{Σ∗X}−−−−→ ΣHom^·(C^·_X , D^·_X )

p_ϕΦ_{X×}R ΣΦX Hom^·Z_[Z_{2]}(W, Hom^·(p_ϕC^·_{X×}R ⊗ p_ϕC^·_{X×}R, D^·_X ))^{Σ%X}−−−−→ Hom^·Z_[Z_{2]}(W, Hom^·(ΣC^·_X ⊗ ΣC^·_X , D^·_X )) admits a (unique up to homotopy) chain homotopy Γ_X : ΣΦ_X · Σ^∗_X ≃ Σ^%_X · p_ϕΦ_{X×}R.

This follows from the properties of resolutions and the injectivity of D^·_X . In particular there is a commutative diagram H^ϕ_n (X × R; R)^{pϕ(σ∗)}−−−−→ Q^{n+1}(p_ϕC^·_{X×}R) Σ_∗ Σ_% ΣH_n(X; R)^{Σσ∗}−−−−→ Q^{n+1}(ΣC^·_X ) relating algebraic to geometric suspension.

Let Y ⊂ X with Y closed in X and i : Y → X the inclusion. A pair of sheaves β : B^· → A^· over (X, Y ) consists of sheaves A^· over Y , B^· over X together with an i-cohomomorphism β : B^· → A^·, [1;I.4]. Any i-cohomomorphism β may be factored β : B^{· h(i)}→ i_∗A^· → A^· where the last arrow is the natural i-cohomomorphism and h(i) is a sheaf map. Define β^% : W^%A^· → W^%B^· ; ϕ → h(i)^%(i_∗ϕ) and similarly for quadratic.

Definition 3.3. An (n + 1)-dimensional symmetric {quadratic} Poincaré pair (β : B^· → A^·, (δϕ, ϕ)) { (β : B^· → A^·, (δψ, ψ)) } on (X, Y ) consists of a pair of sheaves β : B^· → A^· on (X, Y ), an n-dimensional symmetric {quadratic} Poincaré complex of sheaves (A^·, ψ) {(A^·, ψ)} on Y together with an (n + 1)-dimensional symmetric {quadratic} Poincaré pair (h : B^· → i_∗A^·, (δϕ, i_∗ϕ)) { (h : B^· → i_∗A^·, (δψ, i_∗ψ)) } on X. An (n + 1)-dimensional symmetric pair (β : B^· → A^·, (δϕ, ϕ)) represents class in Q^{n+1}(β) = H_{−n−1}(C(β^%)). Similarly for quadratic.

The complex of sheaves C^·_{(X,Y )} on X is defined by the short exact sequence 0 −→ C^·_{(X,Y )} −→ C^·_X^{h(i)}−→ i_∗C^·_Y −→ 0. Then C^·_{(X,Y )} is a flabby sheaf and the relative cohomology groups of (X, Y ) are given by H^n(X, Y ; R) = H^n(Γ(C^·_{(X,Y )})).

The complex of sheaves D^·_{(X,Y )} is defined by the short exact sequence 0 −→ i_∗D^·_Y^{Dh(i)}−→ D^·_X −→ D^·_{(X,Y )} −→ 0. Then D^·_{(X,Y )} is a flabby sheaf and the Borel-Moore relative homology groups of (X, Y ) are given by H_n(X, Y ; R) = H^{−n}(X; D^·_{(X,Y )}). Let β : C^·_X −→ C^·_Y be the canonical pair over (X, Y ). See [1] for details.

Lemma 3.4. There is a relative symmetric signature map

σ^∗ : H_{n+1}(X, Y ; R) −→ Q^n(β)

which is natural with respect to proper maps of pairs. An (n + 1)-dimensional homology manifold (X, ∂X) determines an (n + 1)-dimensional symmetric Poincaréŕe pair (β : C^·_X → C^·_{∂X} , (δϕ_X , ϕ_{∂X} )). The proof is similar to the absolute case and is left to the reader.

Theorem 3.5. Let f : X → Y be a proper degree 1 map of n-dimensional homology manifolds. There is defined a symmetric signature

σ^∗(f) ∈ L^n(Y ; R)

such that f_∗σ^∗(X) = σ^∗(Y ) ⊕ σ^∗(f).

Furthermore

(1) for U ⊂ X open, σ^∗(f)_{|U} = σ^∗(f_{|f} −1_{(U)}), (2) The assembly As(σ^∗(f)) ∈ L^n_p (R[π_1Y ]) is the chain level symmetric signature of [9], (3) The signature is an invariant of the proper bordism class of f and is zero if f is a hereditary homotopy equivalence.

Proof Since f is a degree 1 proper map h(f) : (C^·_Y , ϕ_Y ) → (f_∗C^·_X , f_∗ϕ) is a map of n-dimensional symmetric Poincaré complexes of sheaves on Y . Thus we have a commutative diagram C^·_Y^{h(f)}−−−−→ f_∗C^·_X ϕ^0_Y f∗ϕ^0X Σ^nDC^·_Y^{Dh(f)} ←−−−− Σ^nDf_∗C^·_X and may form the ladder of cofibrations Σ^{−1}C(ω)^e−−−−→ f_∗C^·_X^ω−−−−→ Σ^nDC^·_Y −−−−→ C(ω) ‖ ‖ ‖ (ϕ^0Y )^′ ϕ^0Y ‖ ‖ ‖ Σ^{−1}C(ω)^{e′}−−−−→ W^{ω′}−−−−→ C^·_Y −−−−→ C(ω) where ω = Dh(f) · f_∗ϕ^0_X . Define the n-dimensional symmetric Poincaré complex of sheaves on Y (C^·_{f !} , ϕ_f ! ) by

C^·_f ! = Σ^{−1}C(ω), ϕ_f ! = e^%(f_∗ϕ_X ).

(Here f^! denotes the Umkehr map rather than the right adjoint to f_!.) Then (e, h(f)) : C^·_f ! ⊕ C^·_Y −→ f_∗C^·_X is a quasi-isomorphism of sheaves on Y pulling f_∗ϕ_X to ϕ_f ! ⊕ ϕ_Y . To see this consider

(e, h(f))^∗ : Q^n(f_∗C^·_X ) → Q^n(C^·_f ! ⊕ C^·_Y ) = Q^n(C^·_f ! ) ⊕ Q^n(C^·_Y ) ⊕ H_n(X; C^·_f ! ⊗ C^·_Y ).

Then the component of (e, h(f))^∗(f_∗ϕ_X ) in H_n(X; C^·_{f !} ⊗ C^·_Y ) is represented by the map C^·_f ! ⊗ C^·_Y^{e⊗h(f )}−→ f_∗C^·_X ⊗ f_∗C^·_X^{(f∗ϕ)0}−→ Σ^nD^·_Y which is easily seen to be null-homotopic. �

We now refine the above constructions to take account of normal data. In particular symmetric signatures (or more properly their Poincaré boundaries) are refined to quadratic signatures.

Let X be a finite dimensional compact ANR. Then X admits a closed embedding i : X → R^N , N large, for which there is a mapping cylinder neighbourhood X ⊂ U ⊂ R^N , ie. U is a topological manifold neighbourhood of X and there is a proper map p : ∂U → X whose mapping cylinder is homeomorphic (rel. ∂U, X) to U, [8]. Let ν denote the pathspace fibration associated to p. Let ξ^{k−1} be a spherical fibration over X, T ξ its Thom space and ρ : S^N → T ξ a given map. The triple (X, ξ, ρ) is a normal space (of formal dimension N − k) in the sense of Quinn [7]. We shall require additionally that there is a fibre map b : ν → ξ over the identity such that, up to homotopy, ρ is the composition S^{N coll}−→ T ν^{T b}−→ T ξ.

where coll is the collapse map. It seems likely that the normal cobordism class of a general normal space (in the sense of Quinn) contains such a representative. In any case most normal spaces we consider will satisfy this additional condition (which is basically a transversality condition ensuring the existence of a compact ANR in the cobordism class).

Example 3.6 An n-dimensional orientable Poincaré space X is a compact finite dimensional ANR with a class [X] ∈ H_n(X; Z) such that

[X]∩ = A(ϕ^0_{X̃} ) : H^∗_c (X̃) −→ H^c_{n−∗}(X̃)

is an isomorphism of graded Z[π_1X]-modules. For such a space a standard argument shows ν is a spherical fibration. Thus taking b = 1 : ν → ν an oriented Poincaré space is naturally a normal space.

For any spherical fibration ξ over a locally contractible space X we may consider the Leray sheaf H^·(ξ) on X given by

H^·(ξ) = H^·(q_∗C^·_{(Dξ ,Sξ )})

where q : D_ξ → X is the corresponding disk fibration.

Lemma 3.7. If ξ has fibre homotopy equivalent to S^{k−1} then H^·(ξ) is locally constant with stalks H^·(ξ)_x ∼= H^∗(D^k, S^{k−1}; Z).

Proof For x ∈ X let U ∋ x be a contractible open neighborhood. Choose a local trivialization ϕ : (D^k, S^{k−1}) × U −→ q^{−1}(U) over U so that there is a quasiisomorphism [6;2.7.7] ϕ_∗ : q_{|∗}C^·_q−1_{(U)} −→ p_{2∗}C^·_{(D}k_{,S}k−1_{)×U} of sheaves over X. Hence

H(q)^·_{|U} = H(q_{|∗}C^·_q−1_{(U)}) ∼= H(p_{2∗}C^·_{(D}k_{,S}k_{)×U} ) ∼= H^∗(D^k, S^k)_U ,

where the latter is the constant sheaf over U. �

The fibration ξ is said to be orientable if H^k(ξ) is isomorphic to the constant sheaf Z_X on X. If ξ is orientable then the sheaf cohomology spectral sequence of q_∗C^·_{(Dξ ,Sξ )} collapses and, as in Example 3.2, there is a quasi-isomorphism γ : Σ^kR_X −→ q_∗C_{(Dξ ,Sξ)} or in other words an orientation γ ∈ Γ(q_∗C_{(Dξ ,Sξ )}). The slant product of γ with the pairing C^·_X ⊗ q_∗C^·_{(Dξ ,Sξ)} → q_∗C^·_{Dξ} ⊗ q_∗C^·_{(Dξ ,Sξ )} → q_∗C^·_{(Dξ ,Sξ )} determines a cup-product ∪γ : Σ^kC^·_X −→ q_∗C^·_{(Dξ ,Sξ )}. For ξ a trivial fibration this is easily seen to be a quasi-isomorphism. This is also the case for general ξ by local triviality. The induced map ∪γ : H^∗(X) −→ H^{∗+k}(D_ξ, S_ξ) is the Thom isomorphism. In the special case ξ an R^k -bundle with projection q : E_ξ → X and associated disk bundle (D_ξ, S_ξ) there is a natural quasi-isomorphism q_ϕC^·_{Eξ} → q_∗C^·_{(Dξ ,Sξ )}. where ϕ is the family of fibrewise compact supports in E_ξ.

Suppose now (X, ξ, ρ) is an orientable normal space of formal dimension n, and that is ξ is orientable. Then [X] = h(ρ) ∩ γ ∈ H_n(X) is called the fundamental class of X. Let (C^·_X , ϕ_X ) be the n-dimensional symmetric complex of sheaves on X obtained by evaluating the symmetric map on the fundamental class [X]. Compare the following theorem with [10;9.15] Theorem 3.8. The symmetric complex of sheaves (C^·_X , ϕ_X ) admits a refinement to a normal complex of sheaves (C^·_X , θ_X ) on X. In particular the symmetric boundary sheaf (∂C^·_X , ∂ϕ_X ) measuring the failure of local Poincaré duality in X admits a quadratic refinement (∂C^·_X , ψ_X ).

Recall [10;2] a normal refinement θ_X = (ϕ_X , γ_X , χ_X ) of ϕ_X consists of a 0-cycle γ ∈ Ŵ^%DC^·_X where Ŵ is the standard complete free Z[Z_2]-module resolution of Z, together with a (−n − 1)-chain χ_X ∈ Ŵ^%C^·_X such that J(ϕ_X ) − (ϕ^0_X )^%(Σ^nγ_X ) = dχ_X .

Such a refinement is equivalent to a quadratic refinement of the symmetric boundary ∂ϕ_X . (See Weiss [13], Ranicki [10; 2.6]).

Proof of Theorem Let p : D_ν → X denote the disk (or rather cone) fibration associated to ν so that there is a map j : (U, ∂U) ⊂ (D_ν , S_ν )^b−→ (D_ξ, S_ξ) over X. This induces a map of sheaves on X [6;2.7.7] j_∗ : q_∗C^·_{(Dξ ,Sξ )} −→ p_∗C^·_{(U,∂U)}, fitting into a commutative diagram q_∗C^·_{(Dξ ,Sξ)}^{j∗}−−−−→ p_∗C^·_{(U,∂U)} ∪γ ω Σ^kC^·_X^{Σkϕ0X}−−−−→ Σ^{n+k}DC^·_X in which the vertical maps are quasi-isomorphisms. The only map not defined is ω which is constructed as follows. Since (U, ∂U) is a topological manifold there is a quasi-isomorphism of flabby sheaves ϕ^0_U : C^·_{(U,∂U)} −→ Σ^{n+k}DC^·_U . But p is a proper map so p_∗(ϕ^0_U ) : p_∗C^·_{(U,∂U)} −→ Σ^{n+k}p_∗DC^·_U ≃ Σ^{n+k}Dp_∗C^·_U is also a quasi-isomorphism. Also p : U → X has compact contractible fibres so the natural map h(p) : C^·_X → p_∗C^·_U is a quasi-isomorphism [6;2.7.7] and we obtain the quasi-isomorphism ω : p_∗C^·_{(U,∂U)}^{p∗ϕ0U}−→ Σ^{n+k}Dp_∗C^·_U^{Dh(p)}−→ Σ^{n+k}DC^·_X . Let −ξ be a fibre homotopy inverse to ξ. Define b^′ = b ⊕ 1 : ν ⊕ −ξ → ξ ⊕ −ξ.

Since U is a space over X and −ξ a fibration the Whitney sum U^′ = U ⊕ −ξ may be defined and there is a map j^′ = j ⊕ 1 : U ⊕ −ξ → ξ ⊕ −ξ over X. Again there is a commutative diagram q^′_∗C_{(Dξ⊕−ξ ,Sξ⊕−ξ )}^{j′∗}−−−−→ p^′_∗C^·_{(U ′ ,∂U ′ )} ∪γ^′ ω^′ Σ^{k+l}C^·_X^{Σk+lϕ0X} −−−−−→ Σ^{n+k+l}DC^·_X with vertical maps quasi-isomorphisms.

We may now construct the normal refinement θ_X = (ϕ_X , γ_X , χ_X ). The Thom isomorphism associated to −ξ determines a lift [U^′] ∈ H_{n+k+l}(U^′, ∂U^′) of the fundamental class [U] ∈ H_{n+k}(U, ∂U). Similarly there is defined a lift [D_{ξ⊕−ξ} ] ∈ H_{n+k+l}(D_{ξ⊕−ξ} , S_{ξ⊕−ξ}). We then have j_∗([D_{ξ⊕−ξ} ]) = [U^′].

Evaluating the symmetric signature map on [U^′] determines an (n+k+l)-dimensional symmetric complex of sheaves on U^′ (C^·_U ′ → C^·_{∂U} ′ , (δϕ_U ′ , ϕ_{∂U} ′ )) with algebraic Thom complex [10] (C^·_{(U} ′_{,∂U} ′_), δϕ_U ′ /ϕ_{∂U} ′ ). Applying the direct image functor we obtain an (n + k + l)-dimensional symmetric complex of sheaves on X (p^′_∗C^·_{(U} ′_{,∂U} ′_), p^′_∗(δϕ_U ′ /ϕ_{∂U} ′ )). Lift this across the quasi-isomorphism ω^′ to obtain (up to a boundary) a 0-cycle γ_X ∈ Ŵ^%DC^·_X .

Now perform the same construction on the class [D_{ξ⊕−ξ} ] to obtain an n-cycle γ^′_X ∈ Ŵ^%C^·_X .

By naturality of the symmetric signature we have up to a boundary γ^′_X = (ϕ^0_X )^%(Σ^nγ_X ).

Finally ξ ⊕ −ξ is fibre homotopy equivalent to the trivial fibration so up to a boundary, which is determined by the chain homotopy Γ_X evaluated on [X], we may identify J(γ^′_X ) = J(ϕ_X ).

This shows there is a cochain χ_X ∈ Ŵ^%C^·_X such that J(ϕ_X ) − (ϕ^0_X )^%(S^nγ_X ) = dχ_X .

Thus setting θ_X = (ϕ_X , γ_X , χ_X ) we obtain an n-dimensional normal complex of sheaves (C^·_X , θ_X ) on X refining the symmetric signature (C^·, ϕ). It can be shown that the equivalence class of this normal complex (see Weiss [13]) is independent of the choices made. � Finally we have Theorem 3.9. Let (f, b) : M^n → X^n be a normal map with M an n-dimensional topological manifold and X an n-dimensional Poincaré space. Then there is defined a quadratic signature σ_∗(f, b) ∈ L_n(X; R) such that (1 + T )σ_∗(f, b) = σ^∗(f) ∈ L^n(X; R) and with assembly the Wall-Ranicki quadratic signature of (f, b). Proof Take R = Z. We give the construction of a stable Umkehr map for f which preserves symmetric signatures. The construction of a quadratic refinement σ(f, b) ∈ L_n(X) of the symmetric signature σ(f) ∈ L^n(X) follows in the standard way (cf. [9;2.3]). The normal map determines a mapping cylinder neighbourhood W of X, with associated fibration a fibre homotopy trivial spherical fibration, together with an embedding of M in W with trivial normal bundle. Thus there is an inclusion as an open set j : M × R^{k+l+1} → W into the interior of W . This determines a sheaf map F : j_∗C^·_{(M×D}k+l+1_{,M×S}k+l_) → C^·_{(W,∂W )} of sheaves over W . This is a stable Umkehr map for f under the identifications Σ^{k+l+1}C^·_M ≃ Γ_M C^·_{M×}R_{k+l+1} ≃ C^·_{(M×Dk+l+1 ,M×Sk+l)} and Σ^{k+l+1}C^·_X ≃ Γ_X C^·_{(W,∂W )} ≃ Γ_X C^·_{(X×Dk+l+1 ,X×Sk+l)}, the latter by virtue of the fibre homotopy equivalence g. Finally let C^·_{(M×Dk+l+1 ,M×Sk+l)} and C^·_{(W,∂W )} be given the ‘Thom’ symmetric structure obtained by pulling back the natural symmetric structures on C^·_{(M×Dk+l+1 )} and C^·_W . Then these symmetric structures correspond to the suspension of ϕ_M and ϕ_X under the Umkehr identification. Furthermore the sheaf map F preserves these structures. � 4. Decomposing sheaves on X × R.

In this section we consider the various possibilities for decomposing an n-dimen-sional symmetric Poincaré sheaf (A^·, ϕ) on a space of the form Y = X × R. Analogous results for quadratic sheaves may be obtained. A good example to keep in mind is of a proper Morse function f : M^n → R with M a manifold (without boundary) and the associated n-dimensional symmetric Poincaré sheaf (f_∗C^·_M , f_∗ϕ) on R. In this case the algebraic decompositions of sheaves described in this section can be constructed directly from corresponding geometric decompositions of M. Write Y_0 = X × {0}, Y_− = X × (−∞, 0] and Y_+ = X × [0, +∞). The first sheaf to be considered is the restriction A^·_0 = i^∗A^· of A^· to the subspace X = Y_0 ⊂ Y . This will be given the structure of an (n − 1)-dimensional symmetric sheaf (A^·_0, ϕ_0) on X. In general it will not be Poincaré. In our example the symmetric sheaf ((f_∗C^·_M )_0, (f_∗ϕ)_0) may be obtained (up to quasi-isomorphism) from the subspace M_0 = f^{−1}(0) ⊂ M together with a class [M_0] ∈ H_{n−1}(M_0) using Proposition 3.1, and M_0 will be a manifold if 0 is a regular value of f. Similarly we may define an ndimensional symmetric pair (A^·_− → A^·_0, (ϕ_−, ϕ_0)) over (Y_−, Y_0), where A^·_− = i^∗_−A^· is the restriction of A^· to Y_−. Again it will not be Poincaré in general. The Morse function example suggests a further sheaf over X: an n-dimensional symmetric Poincaré sheaf (A^·_0 → ∂_X A^·, (δϕ, ∂_X ϕ) which is the ‘germ Poincaré cobordism’ of A^· at X and corresponds to the manifold with boundary (f^{−1}[−ϵ, ϵ], f^{−1}(−ϵ)∪f^{−1}(ϵ)) where ϵ > 0 is small. This simple geometric picture fails if f is not Morse. Nevertheless the (n − 1)-dimensional symmetric Poincaré boundary ∂_X A^· may still be constructed for arbitrary A^·. It decomposes as a Poincaré symmetric sheaf into a direct sum ∂_−A^· ⊕∂_+A^· corresponding to the subspaces Y_− and Y_+. Lastly we have the symmetric Poincaré pair (A^·_{<0} → ∂_−A^·, (ϕ_{<0}, ∂_−ϕ)) on (Y_−, Y_0), where A^·_{<0} is the direct image on Y_− of the restriction of A^· to Y_{<0} = X × (−∞, 0). The original Poincaré sheaf A^· may be reconstructed by gluing the sheaves A^·_{<0}, A^·_0 and A^·_{>0} together along their boundaries, (or rather gluing their direct image on Y ). Here are the details. Let C^· = C^·_Y , C^·_± = C^·_{Y±} , C^·_0 = C^·_{Y0} = C^·_X be the canonical sheaves on Y , Y_± and Y_0 respectively and i_0 : Y_0 → Y, i^±_0 : Y_0 → Y_±, i_± : Y_± → Y the inclusion maps. The short exact sequence of sheaves on Y 0 → C^· → i_−C^·_− ⊕ i_+C^·_+ → i_0C^·_0 → 0 (4.1) determines the Mayer-Vietoris long exact cohomology sequence for the triad of spaces (Y ; Y_±, Y_0). Let V ⊂ Y_0 be an open set and V_0 = V ∩ Y , etc.. Restricting (4.1) to V and applying the functor Γ_c determines short exact sequences ((4.1) consists of flabby sheaves) of R-module chain complexes

0 → Γ_c(C^·_{|V} ) → Γ_c(C^·_{−|V−} ) ⊕ Γ_c(C^·_{+|V+} ) → Γ_c(C^·_{0|V0} ) → 0, V ⊂ Y open (4.2)

Apply the functor Hom^·(−, I^·) to obtain the short exact sequence of sheaves on Y

0 → i_0D^·_0^α→ i_−D^·_− ⊕ i_+D^·_+^β→ D^· → 0 (4.3) where D^· = D^·_Y , D^·_± = D^·_{Y±} , D^·_0 = D^·_{Y0} = D^·_X .

We shall construct a splitting γ_− : D^· → i_−D^·_− ⊕ i_+D^·_+ of (4.3). The map γ_− is not a chain map. It is constructed from a map τ_− : i^−_0 C^·_0 → C^·_− such that (i_−τ_−, 0) : i_0C^·_0 → i_−C^·_− ⊕ i_+C^·_+ is a splitting of (4.1). Again τ_− is not a chain map. Let p_− : Y_− → Y_0 be the projection map and β_− : R_{Y0} → p^∗_−R_{Y0} the canonical (p_−)- cohomomorphism. This extends naturally to a (p_−)-cohomomorphism C^·(β_−) : C^·_0 → C^· which factors as a composition

C^·_0 → p^∗_−C^·_0^{h−}→ C^·, where h_− is a sheaf map. Since p^∗_− is exact it follows that h_− determines maps h_− : p^∗_−L^·_0 → L^·_− (recall L^· is the subsheaf of cocycles of C^·). Define τ^q_− : i^−_0 C^q_0 → C^q_− to be the composition

i^−_0 C^q_0 = i^−_0 C^0(L^{q−1}_0 )^{g−}→ C^0(p^∗_−L^{q−1}_0 )^{C0 (h−)}→ C^0(L^{q−1}_− ) = C^q_− where g_− is ‘extension by zero’, so that on sections over an open set U ⊂ Y_− it is the inclusion ∏ x∈Y_0∩U (L^{q−1}_0 )_x ⊂ ∏ y∈U (L^{q−1}_0 )_{p−(y)}.

The map τ_− restricts to a map of sections with compact support and hence determines a splitting of (4.2). Applying Hom^·(−, I^·) we obtain a splitting γ_− : D^· → i_−D^·_− ⊕ i_+D^·_+ of (4.3) (in fact we get a splitting on the left, but we construct the right splitting γ_− from this in the usual way).

We shall require the following elementary lemma. Let 0 → A^{· α}−→ B^{· β}−→ C^· → 0 be a short exact sequence of cochain complexes in an abelian category. Let p : C(α) → C^· be the natural map, where C(α) is the chain mapping cone of α.

Lemma 4.1. Suppose for each q ∈ Z there is given a map γ^q : C^q → B^q splitting 0 → A^q → B^q → C^q → 0. Then there is determined a chain map κ : C^· → C(α) such that κ · p ≃ 1 and p · κ = 1.

Proof. Let γ̄^q = (−)^qγ^q so that γ̄ : C^· → B^· satisfies β(dγ̄ + γ̄d) = 0. Let ω : C^· → Σ^{−1}A^· be the chain map satisfying α · ω = dγ̄ + γ̄d : C^· → Σ^{−1}B^·. Define the chain map κ : C^· → C(α); c → (γ(c), ω(c)), c ∈ C. Then p · κ = 1 and κ · p ≃ 1 via the homotopy H : C(α) → C(α); (b, a) → (0, (−)^{|a|}ā) where α(ā) = b − γβ(b). �

With the same notation as in the proof of the lemma, define maps of sheaves on Y S = ω_− : D^· → Σ^{−1}i_0D^·_0

where α · ω_− = d · γ̄_− + γ̄_− · d, and

S_− = π_1 · γ̄_− : D^· → i_−D^·_−.

If α_− = π_1 · α : i_0D^·_0 → i_−D^·_− then the relation

α_− · S = d · S_− + S_− · d (4.4)

holds. Note that S is a quasi-isomorphism when restricted to X since D^·_± are acyclic here.

To illustrate these constructions consider the special case X a point, so that Y = R. Then τ_− : i^−_0 C^·_0 = i^−_0 R → C^·R_− takes 1 ∈ R, regarded as a section of i^−_0 R, to the section τ_−(1) ∈ C^0R_−(R_− ) given by

τ_−(1)(t) = { 1 ∈ R, t = 0 0 ∈ R, t < 0. It follows that d·(i_−τ̄_−)+(i_−τ̄_−)·d : i_0R → Γ_cC^1R takes 1 ∈ R, regarded as a section of i_0R, to the image in L^1R(R) of the step serration s_0 ∈ C^0R(R) given by s_0(t) = { 1, t ≥ 0, 0, t < 0. This is a generator for H^1_c (R; R). Similarly the map S : D^·R → Σ^{−1}i_0D^·_0 = Σ^{−1}I^· is, over 0 ∈ R, evaluation on this generator.

Now suppose A^· is a complex of sheaves on Y . Define sheaves A^·_− on Y_− and A^·_0 on Y_0 by restriction, so that there is a natural sheaf map h_− : A^·_− → i^−_0 A^·_0 of sheaves on Y_− (or equivalently an (i^−_0 )-cohomomorphism θ_− : A^·_− → A^·_0). For a

(−n)-chain ϕ ∈ W^%A^· (not necessarily a cocycle) define a (−n)-chain ϕ_− ∈ W^%A^·_− and a (−n + 1)-chain ϕ_0 ∈ W^%A^·_0 by

(ϕ_−)^s : A^·_− ⊗ A^·_−^i ∗ −ϕ^s → Σ^ni^∗_−D^·_Y^i ∗ −S_− → σ^nD^·_−, s ≥ 0, and (ϕ_0)^s : A^·_0 ⊗ A^·_0^{i∗0 ϕs}→ Σ^ni^∗_0D^·_Y^{i∗0 S}→ Σ^{n−1}D^·_0, s ≥ 0.

The relation d(ϕ_−)^s = h^%_−(i^−_0 (ϕ_0)^s) − i^∗_−(S_− · (dϕ)^s), s ≥ 0 (4.5)

follows from (4.4). Thus, for example, if (A^·, ϕ) is an n-dimensional symmetric sheaf on Y then d(ϕ_−) = h^%_− (i^−_0 (ϕ_0))

so that (θ_− : A^·_− → A^·_0, (ϕ_−, ϕ_0)) is an n-dimensional symmetric pair on (Y_−, Y_0). More generally, if (g : E^· → C^·, (δϕ, ϕ)) is an n-dimensional symmetric pair on Y we have from (4.5)

d(δϕ_−)^s = h^%_− (i^−_0 (δϕ_0)^s) − i^∗_−(S_− · (dδϕ)^s)

= h^%_− (i^−_0 (δϕ_0)^s) − g^%_− (ϕ_−)^s, s ≥ 0,

so that there is defined an n-dimensional n-dimensional symmetric pair

((h_−, g_−) : D^·_− → i^−_0 D^·_0 ⊕_i−_{0 C}·_0 C^·_−, (δϕ_−, (i^−_0 δϕ_0, ϕ_−)))

of sheaves on Y_−. In particular we may split symmetric cobordisms.

In a similar fashion we may obtain from (A^·, ϕ) an n-dimensional symmetric pair (θ_+ : A^·_+ → A^·_0, (ϕ_+, ϕ_0)) on Y_+. The short exact sequence

0 → A^· → i_−A^· ⊕ i_+A^· → i_0A^· → 0

recovers A^·, ϕ) from the pairs A^·_± → A^·_0, (ϕ_±, ϕ_0)). We have shown

Lemma 4.2. Any symmetric sheaf on Y may be expressed as the union along Y_0 of symmetric pairs on (Y_−, Y_0) and (Y_+, Y_0).

Next we discuss the construction of the ‘germ cobordism’ on X of an n-dimensional symmetric Poincaré sheaf (A^·, ϕ) on Y . This will be an n-dimensional symmetric Poincaré pair (A^·_0 → ∂_X A^·, (δϕ, ∂_X A^·)) on X. In what follows we shall assume A^· is the canonical resolution of some complex of sheaves. Most examples we encounter are of this form and since for any symmetric sheaf (B^·, ϕ) the symmetric structure ϕ can always be lifted to the canonical resolution C^·(B^·) it is not a restriction.) Assuming A^· is of this form and V ⊂ Y is open, then any s ∈ A^·(V ) may be regarded as a serration of some sheaf on Y . For K ⊂ V form the truncated serration which is identical to s on K and zero elsewhere. This defines a new section s_K ∈ A^·(V ). Of course −_K : A^·(V ) → A^·(V ) is not a chain map.

Recall A^·_0 = i^∗A^· is the restriction of A^· to X. Let Γ_X A^· denote the subsheaf of A^· consisting of germs of sections of A^· with support in X. The short exact sequence of flabby sheaves on Y

0 → Γ_X A^· → A^· → δ_X A^· → 0 (4.6)

defines a sheaf δ_X A^· on Y . In fact δ_X A^· = k_∗k^∗A^· where k : Y − X → Y . Let i^! = i^∗Γ_X A^· (so that i^! is a right adjoint to the direct images with compact support functor i_!; this is Poincaré-Verdier duality, [6;3.1.12]) The short exact sequence of flabby sheaves on X 0 → i^!A^{· j}→ i^∗A^· → ∂_X A^{· p}→ 0 (4.7)

defining ∂_X A^· is the pullback of (4.6) to X. Then ∂_X A^· is a direct sum of sheaves ∂_−A^· ⊕ ∂_+A^· corresponding to the subspaces Y_− and Y_+ of Y .

Construct a commutative diagram i^!DA^{· σ1}−−−−→ Di^∗A^· j_{DA}· D^j i^∗DA^{· σ2}−−−−→ Di^!A^· as follows. Firstly define σ_1 : i^!DA^· → Di^∗A^·. Let U ⊂ X be open. Then

(i^!DA^·)(U) = lim_{−→} V ⊃i(U) (Γ_X DA^·)(V )

where V ranges over all open neighbourhoods of i(U) in Y . Fix such a V and define σ_1(V ) : (Γ_X DA^·)(V ) → (Di^∗A^·)(U), or equivalently

σ_1(V ) : Hom^·_X (Γ_cA^·_{|V} , I^·) → Hom^·(Γ_c(i^∗A^·_{|U} ), I^·) by σ_1(V )(f)(s) = f(s_X′ ),

where f ∈ Hom_X (Γ_cA^·_{|V} , I^·) and s ∈ Γ_c(i^∗A^·_{|U} ). Here X^′ is a thin closed neighbourhood of X in Y (say X × [−ϵ, ϵ], ϵ small) and for t ∈ A^·(V ) a representative of s, s_X′ = t_X′ ∈ ΓA^·_{|V} . We leave the verification that σ_1(V ) is a chain map to the reader. Taking the limit over all V ⊃ i(U) we obtain the sheaf map σ_1.

Again let U ⊂ X be open and V ⊃ i(U) an open neighbourhood of i(U) in Y . Define σ_2(V ) : Hom^·(Γ_cA^·_{|V} , I^·) → Hom^·(Γ_c((i^∗Γ_X A^·)_{|U} ), I^·)

to be the dual of the inclusion Γ_c((i^∗Γ_xA^·)_{|U} ) ⊂ Γ_cA^·_{|V} , that is, the inclusion of the subcomplex of Γ_cA^·_{|V} of sections with compact support contained in X. Again taking limits over V determines the sheaf map σ_2.

Lemma 4.3. The sheaf maps σ_1 and σ_2 are quasi-isomorphisms.

Proof. That σ_1 is a quasi-isomorphism follows from [6;3.1.13]. To see that σ_2 is a quasi-isomorphism note that σ_2 is in fact the dual of the composition of quasiisomorphisms i^!A^{· i!e}→ i^!D^2A^{· σ1DA·}→ Di^∗DA^·. � Now to the construction of the symmetric structure (δϕ, ∂_X ϕ) on A^·_0 → ∂_X A^·.

Let V ⊂ Y be open. The short exact sequence

0 → Γ_X DA^·(V )^{j′}→ DA^·(V )^{p′}→ δ_X DA^·(V ) → 0 (4.8)

may be written

0 → Hom^·_X (Γ_cA^·_{|V} , I^·)^{j′}→ Hom^·(Γ_cA^·_{|V} , I^·)^{p′}→ δ_X Hom^·(Γ_cA^·_{|V} , I^·) → 0 (4.9)

By construction δ_X Hom^·(Γ_cA^·_{|V} , I^·) is the quotient R-module chain complex consisting of equivalence classes [f] of maps f ∈ Hom^·(Γ_cA^·_{|V} , I^·), where [f_1] = [f_2] iff for all s ∈ Γ_cA^·_{|V} such that |s| ∩ X = ∅ we have f_1(s) = f_2(s). The short exact sequence (4.8) naturally splits by the map

γ^′_X : Hom^·(Γ_cA^·_{|V} , I^·) → Hom^·_X (Γ_cA^·_{|V} , I^·)

given by

γ^′_X (f)(s) = { f(s), |s| ∩ X ≠ ∅, 0, |s| ∩ X = ∅. The map γ^′_X is not a chain map. As usual this induces a splitting on the right

ρ^′_X : δ_X Hom^·(Γ_cA^·_{|V} , I^·) → Hom^·(Γ_cA^·, I^·)

given by ρ^′_X ([f]) = f − (j^′ · γ^′_X )(f). The map ρ^′_X is not a chain map. Applying lemma 4.1 we obtain a chain map

ω^′(V ) : Σδ_X Hom^·(Γ_cA^·_{|V} , I^·) → Hom^·_X (Γ_cA^·_{|V} , I^·)

satisfying j^′ · ω^′ = d · ρ̄^′_X + ρ̄^′_X · d, and inducing on homology the connecting homomorphism for (4.8). Let ω^′ : δ_X DA^· → Σ^{−1}Γ_X DA^· be the induced sheaf map. Write ω^′ : ∂_X DA^· → Σ^{−1}DA^· also for its restriction to X.

The following lemma follows easily from the definitions.

Lemma 4.4. The composition ∂_X DA^{· ω′}→ Σ^{−1}i^!DA^{· σ1}→ Σ^{−1}Di^∗A^{· Dj}→ Σ^{−1}Di^!A^· is the zero map. In particular σ_1 · ω^′ lifts to a map σ_3 : ∂_X DA^· → Σ^{−1}D∂_X A^·.

We can now define the symmetric structure (δϕ, ∂_X ϕ) on the pair A^·_0 → ∂_X A^·. Define the system of maps δϕ by (δϕ)^s : A^·_0 ⊗ A^·_0^{i∗ϕs}→ Σ^ni^∗D^·_Y^{γ′X}→ Σ^ni^!D^·_Y^{σ1}→ Σ^nD^·_X , s ≥ 0, and the system ∂_X ϕ by

(∂_X ϕ)^s : ∂_X ϕ ⊗ ∂_X ϕ^{∂X ϕs}→ Σ^n∂_X D^·_Y^{σ3}→ Σ^{n−1}D∂_X R_Y^{Dp}→ Σ^{n−1}D^·_X , s ≥ 0. Alternatively we may describe the symmetric structure in adjoint form (δϕ)^s : i^∗A^{· i∗ϕs}→ Σ^n∂_X DA^{· γ′X}→ Σ^ni^!DA^{· σ!}→ Σ^nDi^∗A^· and (∂_X ϕ)^s : ∂_X A^{· ∂X ϕs}→ Σ^n∂_X DA^{· σ3}→ Σ^{n−1}D∂_X A^· This will be useful when verifying Poincaré duality.

Lemma 4.5. The pair (A^·_0 → ∂_X A^·, (δϕ, ∂_X ϕ)) is an n-dimensional symmetric pair on X.

Proof. We must show ∂_X ϕ is a cocycle as well as the relation d(δϕ) = p^#(∂_X ϕ). But p is onto so that p^# is into. Thus we need only demonstrate the latter relation. Think of (δϕ)^s as a map with domain the tensor product of A^·_0 with itself. Similarly for ∂_X ϕ. Now p^#(∂_X ϕ)^s = Dp · σ_3 · ∂_X ϕ^s · (p ⊗ p) = Dp · σ_3· ·i^∗ϕ^s. Applying the symmetric relations of ϕ (which is a cocycle) shows that d(δϕ)^s = σ_1 · (d · γ̄^′_X + γ̄^′_X · d) · i^∗ϕ^s. The result follows.

The following is also true.

Lemma 4.6. The pair (A^·_0 → ∂_X A^·, (δϕ, ∂_X ϕ)) is an n-dimensional symmetric Poincaré pair on X.

Proof. Since ∂_X ϕ^0 is a quasi-isomorphism we need only show σ_3 is a quasi-isomorphism. Consider the ladder of derived sheaves on X · · · −−−−→ ΣH(i^!DA^·)^{i′∗}−−−−→ ΣH(i^∗DA^·)^{p′∗}−−−−→ ΣH(∂_X DA^·)^{ω′}−−−−→ H(I^!DA^·) −−−−→ · · · σ1∗ σ2∗ σ3∗ σ1∗ · · · −−−−→ ΣH(Di^∗A^·)^{(Dj)∗}−−−−→ ΣH(Di^!A^·)^δ−−−−→ H(D∂_X A^·)^{(Dp)∗}−−−−→ H(di^∗A^·) −−−−→ · · · where δ is the connecting homomorphism for the short exact sequence 4.8. The rows are exact and the outer squares commute. Further σ_1 and σ_2 are quasiisomorphisms. Thus we need only show the middle square commutes and the result will follow from the five-lemma. The derived sheaf of a sheaf A^· is the sheaf generated by the presheaf U → H^∗(A^·(U)), so that it is sufficient to prove for each U ⊂ X open the diagram Σi^∗DA^·(U)^{p′}−−−−→ Σ∂_X DA^·(U) σ_2 σ3 ΣDi^!A^·(U)^δ−−−−→ D∂_X A^·(U) commutes on taking homology. This follows if for all V ⊃ i(U), open in Y ,

ΣHom^·(Γ_cA^·_{|V} , I^·)^{p′}−−−−→ Σδ_X Hom^·(Γ_cA^·_{|V} , I^·)

σ_2 σ3 ΣHom^·(Γ_c((i^∗Γ_X A^·)_{|U} ), I^·)^δ−−−−→ Hom^·(Γ_c((i^∗δ_X A^·)_{|U} ), I^·)

commutes on homology. Let f ∈ ΣHom^·(Γ_cA^·_{|V} , I^·) be a cocycle. Then by definition of σ_3 (Dp · σ_3 · p^′)(f) = d(σ_1 · τ^′_X )(f).

The connecting homomorphism δ takes σ_2(f) to an element dg ∈ Hom^·(Γ_c((i^∗δA^·)_{|U} ), I^·) where g ∈ ΣHom^·(Γ_c((i^∗A^·)_{|U} ), I^·) satisfies Dj(g) = σ_2(f). The result follows if we can identify Dj · σ_1 · τ^′_X = σ_2. Let s ∈ Γ_c((i^∗Γ_X A^·)_{|U} ). Then σ_2(f)(s) = f(k(s)) where k : Γ_c((i^∗Γ_X A^·)_{|U} ) ⊂ Γ_cA^·_{|V} . Also (Di · σ_1 · τ^′_X )(f)(s) = (σ_1 · τ^′_X )(f)(i(s)) = τ^′_X (f)(t_X′ ) where t ∈ A^·(V ) represents i(s) ∈ Γ_c((i^∗A^·)_{|U} ). But we may choose t = k(s) so τ^′_X (t_X′ ) = τ^′_X (f)((k(s))_X′ ) = τ^′_X (f)(k(s)) = f(k(s)). This completes the proof that (∂_X A^·, ∂_X ϕ) is an (n − 1)-dimensional symmetric Poincaré sheaf on X. Finally it is cl

A^·_0^{i∗ϕ0}→ Σ^ni^∗DA^{· σ2}→ Σ^nDi^!A^·. � Note that the algebraic Thom complex of the symmetric pair (A^·_0 → ∂_X A^·, (δϕ, ∂_X ϕ)) may be identified with the n-dimensional symmetric sheaf (i^!A^·, i^!ϕ) on X, where i^!ϕ is the system of maps

(i^!ϕ)^s : i^!A^· ⊗ i^!A^{· i!ϕs}→ Σ^ni^!D^·_Y^{σ1}→ σ^nD^·_X .

(The algebraic Thom complex corresponds geometrically to replacing the germ cobordism over X by the quotient space obtained by collapsing the boundary to a point. In other words, the Thom complex of the normal bundle of M_0 in M.)

The (n − 1)-dimensional symmetric Poincaré sheaf (∂_X A^·, ∂_X ϕ) is the direct sum of Poincaré sheaves (∂_−A^·, ∂_−ϕ) and (∂_+A^·, ∂_+ϕ) corresponding to the subspaces Y_− and Y_+.

There is one final Poincaré pair over Y that we will require. We shall just give the definition and omit the proof of its properties. Build a sheaf A^·_{<0} on Y by first restricting A^· to Y_{<0} = X × (−∞, 0) and then taking the direct image on Y . In fact A^·_{<0} = δ_−A^· where the latter is the subsheaf of δ_X A^· with support in Y_−. Then there is a natural map δ_−A^· → i_∗∂_−A^·. Define a system of maps

(δ_−)^s : δ_−A^· ⊗ δ_−A^{· δ− ϕs}→ Σ^nδ_−D^·_Y^ρ ′ −→ Σ^nD^·_Y where ρ^′_− is the restriction of γ^′_X to δ_−D^·_Y . We state without proof

Lemma 4.7. The pair (δ_−A^· → i_∗∂_−A^·, (δ_−ϕ, i_∗∂_−ϕ)) is an n-dimensional symmetric Poincaré pair on Y .

The n-dimensional symmetric Poincaré sheaf (A^·, ϕ) on Y may be reconstructed as the union of the three n-dimensional symmetric Poincaré pairs δ_−A^· → i_∗∂_−A^·, i_∗A^·_0 → i_∗∂_X A^· and δ_+A^· → i_∗∂_+A^· along their boundaries. To check that ϕ is recovered in this way from δ_− ∪ i_∗ϕ_0 ∪ δ_+ϕ one must verify that the composition D^·_Y^{(p} ′ −,q,p^′_+) −−−−−−→ δ_−D^·_Y ∪ i^∗i_∗D^·_Y ∪ δ_+D^·_Y^{(ρ} ′ − ,P V ·i_∗σ_1·i_∗τ^′_X ,ρ^′_+)^T −−−−−−−−−−−−−−−→ D^·_Y is the identity map. Here q : D^·_Y → i_∗i^∗D^·_Y is the natural map and P V is the Poincaré-Verdier duality map. This reduces to verifying the identity P V · i_∗σ_1 · i_∗τ^′_X + γ^′_X · p^′ = 1. However P V · i_∗σ_1 = i^′ so we must show i^′ · τ^′_X + γ^′_X · p^′ = 1 which is true since τ^′_X and ρ^′_X are complimentary splittings.

The functors ∂_− and ∂_+ defined above determine homomorphisms

∂_− = ∂_+ : L^n(X × R; R) → L^{n−1}(X; R), n > 0.

These maps are isomorphisms. Inverses are given by the cylinder construction c : L^{n−1}(X; R) → L^n(X × R; R), n > 0, which we now describe.

Let X and Y be spaces. Then there are natural maps D^·_X ^⊗D^·_Y^{μ−→}←−_ν D^·_{X×Y} , of sheaves on X × Y . Let (A^·_1, ϕ_1) and (A^·_2, ϕ_2) be symmetric Poincaré sheaves on X and Y of dimension m and n respectively. Define their product symmetric Poincaré sheaf (A^·_1 ^⊗A^·_2, ϕ_1 ^⊗ϕ_2) on X × Y by setting ϕ_1 ^⊗ϕ_2 to be the composition

W^Δ→ W ⊗ W^{ϕ1⊗ϕ2}→ Hom^·(A^·_1 ⊗ A^·_1, D^·_X ) ⊗ Hom^·(A^·_2 ⊗ A^·_2, D^·_Y )

^→Hom^·((A^·_1 ⊗ A^·_1) ^⊗(A^·_2 ⊗ A^·_2), D^·_X ^⊗D^·_Y ) μ_∗ →Hom^·((A^·_1 ^⊗A^·_2) ⊗ (A^·_1 ⊗ A^·_2), D^·_{X×Y} ).

Let (B^·, ϕ) be an (n − 1)-dimensional symmetric Poincaré sheaf on X. Let (RR, ϕR) be the 1-dimensional symmetric Poincaré pair on R given by

ϕ^0R : RR ⊗ RR^·→ RR^[R^]→ ΣD^·R

and ϕ^sR = 0, s > 0. Define the cylinder on (B^·, ϕ) to be the n-dimensional symmetric Poincaré sheaf (cB^·, cϕ) = (B^· ^⊗RR, ϕ ^⊗ϕR) on X × R. Then by construction cϕ is given by

(cϕ)^s : (B^· ^⊗RR) ⊗ (B^· ^⊗RR) → (B^· ⊗ B^·) ^⊗RR^{ϕs ^⊗[}R^]→ Σ^{n−1}D^·_X ^⊗ΣD^·R^μ→ Σ^nD^·_{X×}R.

Suppose now (A^·, ϕ) is an n-dimensional symmetric Poincaré sheaf on X × R. Then pushing the pairs A^·_{<0} → i_∗∂_−A^· and A^·_{>0} → i_∗∂_+A^· to −∞ and +∞ gives a cobordism of (A^·, ϕ) to (c∂_−A^· ∪ A^·_0 ∪ c∂_+A^·, c∂_−ϕ ∪ δϕ ∪ c∂_+ϕ) obtained by gluing along the boundaries ∂_−A^· and ∂_+A^·. At this point we can either push A^·_0 to −∞ or +∞. Thus we have (c∂_−A^·, c∂_−ϕ) ≃ (A^·, ϕ) ≃ (c∂_+A^·, c∂_+ϕ). In particular c · ∂_− = c · ∂_+ determines the identity map on L^n(X × R; R). It is easily shown ∂_− · c = ∂_+ · c is the identity on L^{n−1}(X; R). We have shown

Corollary 4.8. Let (A^·, ϕ) be an n-dimensional symmetric Poincaré sheaf on Y = X × R. Then (A^·, ϕ) is Poincaré cobordant to the union of Poincaré pairs on (Y_−, Y_0) and (Y_+, Y_0). Furthermore the cobordism may be taken to be stationary in an arbitrarily small neighbourhood of Y_0 = X.

Proof. We may cobord (A^·, ϕ) so that over a neighbourhood of X it is the cylinder on a (n − 1)-dimensional symmetric Poincaré sheaf. Proposition 4.1 applied to such a cylinder leads to Poincaré pairs.

Corollary 4.9. The rational Pontrjagin classes and L-genus of a PL-manifold are topological invariants.

Proof. Let h : M^{′m} → M^m be a homeomorphism of PL-manifolds. Let N^{4k} ⊂ M^m × R^j , (j large), be a simply-connected PL-submanifold with trivial normal bundle. Let g_0 : W^′ → N ×R^i be the restriction of h×1 : M^′ ×R^j → M ×R^j to the codimension 0 submanifold N × R^i , i = m + j − 4k, so that g_0 is a homeomorphism of open PL-manifolds. Choose a proper homotopy from g_0 to a PL-map g_1 such that g_1 is PL-transverse to N ⊂ N × R^i . Let g_{1|} : N^′ → N be the induced degree one map of manifolds. Since the rational Pontrjagin classes and L-genus are detected by the signatures of submanifolds such as N it is sufficient to prove that σ(N^′) = σ(N) ∈ L^{4k}(Z).

Consider the n-dimensional symmetric Poincaré sheaf C^·_{g0} on N × R^i . Since g_0 is a homeomorphism [C^·_{g0} ] = 0 ∈ L^{4k+i}(N × R^i ). Now g_1 is proper homotopic to g_0 so that [C^·_{g0} ] = [C^·_{g1} ] = 0. Let ∂_− : L^{4k+i}(N × R^i ) → L^{4k}(N) be the splitting isomorphism. Since g_1 is transverse to N it follows that ∂_−[C^·_{g1} ] = [C^·_{g1|} ] ∈ L^{4k}(N), where g_{1|} : N^′ → N is the restriction of g_1 to N. Thus [C^·_{g1|} ] = 0 ∈ L^{4k}(N) and so its assembly in L^{4k}(Z) is also zero. But by theorem 3.5 the assembly is just σ(N^′) − σ(N) ∈ L^{4k}(Z). Hence σ(N^′) = σ(N) ∈ L^{4k}(Z).

The original proof of Novikov of the topological invariance of the rational Pontrjagin classes used the Bass-Heller-Swan calculation K̃_0(Z[Z^i]) = 0, i ≥ 0, to show that a homeomorphism M × R^i → W of PL-manifolds determines a PLhomeomorphism M^′ × R^i → W , in the case π_1(M) = 0. Instead we use the weaker transversality properties of sheaves to prove invariance, thus avoiding the need for Bass-Heller-Swan.

5. The L-homology groups.

The symmetric {quadratic} L-group L^n(X; R) {L_n(X; R)} of a space X is by definition the group of cobordism classes of n-dimensional symmetric {quadratic} Poincaré complexes of sheaves of R-modules on X. A proper map f : X → Y determines a homomorphism

f_∗ :L^n(X; R) → L^n(Y ; R) { f_∗ :L_n(X; R) → L_n(Y ; R) }

depending only on the proper homotopy class of f. We shall omit further mention of the ring R in the notation.

Let (X, Y ) be a pair with Y closed in X. Define the relative symmetric {quadratic} L-groups L^{n+1}(X, Y ) {L_{n+1}(X, Y )} of the pair (X, Y ) to be the group of cobordism classes of (n+1)-dimensional symmetric {quadratic} Poincaré pairs over (X, Y ) designed to fit into the long exact sequence of L-groups · · · → L^{n+1}(X, Y )^∂−→ L^n(Y )^{j∗}−→ L^n(X)^{i∗}−→ L^n(X, Y ) → . . . { · · · → L_{n+1}(X, Y )^∂−→ L_n(Y )^{j∗}−→ L_n(X)^{i∗}−→ L_n(X, Y ) → . . . } Thus a null-cobordism of an (n + 1)-dimensional symmetric Poincaré pair (β : D^· → C^·, (δϕ, ϕ)) over (X, Y ) consists of an (n + 1)-dimensional symmetric Poincaré pair (B^· → C^·, (ω, ϕ)) over Y and an (n + 2)-dimensional symmetric Poincaré pair (Q^· → i_∗B^· ⊕_{i∗C}· D^·, (Ω, i_∗ω ⊕ −δϕ)) over (X, Y ). Similarly for a quadratic pair.

Let (X; X_1, X_2) be a triad with X_0 = X_1 ∩ X_2 ≠ ∅. Let i_j : X_j ⊂ X and i_0 : X_0 ⊂ X be the inclusion maps. Suppose we are given n-dimensional symmetric pairs (β_i : D^·_i → C^·, (δϕ_i, ϕ_0)) over (X_i, X_0), i = 1, 2.

We may assume the β_i are onto or else replace with mapping cylinders. Then consider the diagram F of sheaves over X F = {i_1D^·_1 → i_0C^· ← i_2D^·_2} writing i = i_∗ for the direct image functor. Interchanging the functor W^% with limits gives a chain map Φ_F : lim−→ W^%F → W^% lim←− F where W^%F = {W^%i_1D^·_1 ←− W^%i_0C^· −→ W^%i_2D^·_2} The symmetric pairs (β_i : D^·_i → C^·, (δϕ_i, ϕ_0)) determine a cycle (δϕ_1, δϕ_2) ∈ (lim−→ W^%F)_{−n−1}.

Definition 5.1. The union of symmetric complexes (D^·_1 ∪_C· D^·_2, δϕ_1 ∪_{ϕ0} δϕ_2) is defined to be the (n + 1)-dimensional symmetric complex (W^% lim−→ F, Φ_F (δϕ_1, δϕ_2)) over X.

A Poincaré splitting of an n-dimensional symmetric complex of sheaves (A^·, ϕ) on X consists of Poincaré pairs of sheaves (β_i : D^·_i → C^·, (δϕ_i, ϕ_0)) over (X_i, X_0), i = 1, 2.

together with a quasi-isomorphism of symmetric complexes of sheaves (A^·, ϕ) −→ (D^·_1 ∪_C· D^·_2, δϕ_1 ∪_{ϕ0} δϕ_2).

As shown in section 4 any Poincaré sheaf over Y = X × R is cobordant to a sheaf admitting such a splitting over (Y_−, Y_0) and (Y_+, Y_0).

For a pair (X, Y ) with Y closed in X we say a set U ⊂ Y , open in X, is strongly contained in Y if there exists a triad decomposition (X; X_+, X_−) of X with U ⊂ X_− ⊂ intY and X_0 bicollared in Y −U. Write Y_± = X_± ∩Y, Y_0 = X_0 ∩Y = X_0.

Theorem 5.2. (Excision) Let the open set U in X be strongly contained in Y . Then the inclusion map (X − U, Y − U) ⊂ (X, Y ) induces an isomorphism Φ : L^n(X − U, Y − U) → L^n(X, Y ). Similarly for quadratic.

Proof. We verify Φ is onto. Let (β : D^· → C^·, (δϕ, ϕ)) be an n-dimensional symmetric Poincaré pair over (X, Y ). Construct complexes (D^·_±, δϕ_±) over X_±, (C^·_±, ϕ_±) over Y_± and (D^·_0, δϕ_0), (C^·_0, ϕ_0) over X_0 by splitting β along X_0. This is achieved by first deforming β over a neighbourhood of X_0 so that it is the cylinder on a Poincaré pair using the techniques of section 4. Then the pair

((β_+, θ_+) : D^·_+ → C^·_+ ∪_C·_0 i^+_0 D^·_0, (δϕ_+, ϕ_+ ∪_{ϕ0} i^+_0 δϕ_0)

is an n-dimensional symmetric Poincaré pair over (X_+, Y_+) and hence (X − U, Y − U), extending by zero. The image of this pair under the map Φ is obtained again by extending by zero over (X, Y ). The (n − 1)-dimensional symmetric Poincaré complex (C^·_+ ∪_C·_0 i_∗D^·_0, ϕ_+ ∪_{ϕ0} i_∗δϕ_0)

over Y is cobordant (over Y ) to (C^·, ϕ) via the cobordism

((0, θ_−, 0, β_−) : D^·_− → (C^·_+∪_{C0} i_∗D^·_0)⊕(C^·_+∪_{C0} C^−), (δϕ_−, (ϕ_+∪_{ϕ0} δϕ_0)⊕(ϕ_+∪_{ϕ0} ϕ_−))

which is equivalent to

(D^·_− → (C^·_+ ∪_{C0} i_∗D^·_0) ⊕ C^·, (δϕ_−, (ϕ_+ ∪_{ϕ0} δϕ_0) ⊕ ϕ)).

Finally the n-dimensional symmetric complex

(D^·_+ ∪_{(C}·_{+ ∪C·0)i∗D}·_0 D^·_− ∪_C· D^·, (δϕ_+ ∪ δϕ_− ∪ δϕ))

is the boundary of the cylinder on (β : D^· → C^·, (δϕ, ϕ)). This shows Φ is onto. The verification that Φ is into is similar. �

We conclude that the functors L^∗(−; R) (and L_∗(−; R)) are a homology theory on the category of locally compact topological spaces and proper maps.

6. Comparison with Simplicial Stacks.

Let K be a locally finite simplicial complex. In this section we identify the simplicial L-homology groups of K [10] with the sheaf theoretic L-homology groups of the geometric realisation |K| constructed above. In particular there is a functor of categories with weak chain duality { stacks on K Hom^·(−, Δ^·_X ) } −→ { sheaves on |K| Hom^·(−, D^·_X ) } inducing an isomorphism on L-groups.

The category with weak chain duality of stacks on a simplicial complex was studied in [10] and is the basic ingredient for the L-homology groups of a simplicial complex. (Actually the stacks considered in [10] have free stalks. In comparing with sheaves we work with perfect stalks.) For a locally finite simplicial complex K let K be the category with objects simplices of K and maps σ → τ face relations σ ≤ τ. The category of stacks Sh(K) is the functor category of covariant functors M : K → R-mod. A cochain complex of stacks M^· is perfect if M^·(σ) is perfect for each σ ∈ K. The category Sh(K)^· is the category of (bounded) perfect cochain complexes of stacks on K. For stacks M^·, N^· define the stack Hom^·(M^·, N^·) by

Hom^·(M^·, N^·)(σ) = Hom^·(M^·_{|st(σ)} , N^·_{|st(σ)} ), σ ∈ K,

where M^·_{|st(σ)} is the restriction of M^· to the full subcategory of K with objects in the open star st(σ).

Example 6.1. The stack of local simplicial chains Δ^·_K ∈ Sh(K)^· is given by

Δ^·_X (σ) = Δ(K, K − st(σ))

where we index so that Δ^·_X is a cochain complex concentrated in non-positive degrees.

In order to deal with perfect stacks (rather than just stacks with free stalks) it is necessary to replace Δ^·_X by the stack Δ^·_X ⊗_R I^· where I^· is a fixed injective resolution of R of finite length. We shall again denote the latter stack Δ^·_X (and only make reference in future to this stack).

For M^· ∈ Sh(K)^· define the dual stack DM^· ∈ Sh(K)^· by

DM^· = Hom^·(M^·, Δ^·_X ).

As usual there is a natural transformation e : 1 → D^2.

Theorem 6.2. The triple (Sh(K)^·, D, e) is a category with weak chain duality.

Proof We must prove that D is exact and for any M^· ∈ Sh(K)^· the natural map e(M^·) is a quasi-isomorphism (that is, a quasi-isomorphism on each stalk.)

To show that D is exact consider the following (equivalent) construction of the dual of a stack. For M ∈ Sh(K) define D^′M by

(D^′M)^r(σ) = Σ_{τ≥σ} Hom^·(M[τ], I^·)^{r+|τ|}

with boundary map d : (D^′M)^r(σ) → (D^′M)^{r+1}(σ) given by d(f) = d_I· · f + (−)^r ∑ τ≥∂_iτ≥σ (−)^if · ϕ_{∂iτ,τ} ∈ ∑ τ^′≥σ Hom^·(M[τ^′], I^·)^{r+1+|τ ′|} for f ∈ Hom^·(M[τ], I^{r+|τ|}), τ ≥ σ. (Here ∂_iτ is the i-th face of τ and ϕ_{∂iτ,τ} : M(∂_iτ) → M(τ) the structure map.) For σ^′ ≤ σ the structure map (D^′M)^r(σ^′) → (D^′M)^r(σ) is the projection ∑ τ^′≥σ^′ Hom^·(M[τ^′], I^·)^{r+|τ ′|} → ∑ τ≥σ Hom^·(M[τ], I^·)^{r+|τ ′|}

This defines D^′ on Sh(K) and there is a canonical extension to Sh(K)^·. Clearly D^′ is an exact functor. But for any M ∈ Sh(K) there is a natural isomorphism D^′M −→ Hom^·(M, Δ^·_X ).

To see this define a natural transformation Φ_M : D^′M → Hom^·(M, Δ^·_K) on σ ∈ K by

Φ^r_M (σ) : ∑ σ^′≥σ Hom^·(M(σ^′), I^·)^{r+|σ′|} → Hom^r(M_{|st(σ)} , (Δ^·_K )_{|st(σ)} )

by Φ^r_M (σ)( ∑ σ^′≥σ f_σ′ )(τ) = (f_τ ′ · ϕ_{τ,τ} ′ )_τ ′_{≥τ} : M[τ] → ∑ τ^′≥τ I^{r+|τ ′|} for τ ≥ σ.

Define an inverse to Φ_M Ψ_M : Hom^·(M^·, Δ^·_K ) → D^′M as follows. On σ ∈ K

Ψ^r_M (σ) : Hom^r(M_{|st(σ)} , (Δ^·_K )_{|st(σ)} ) → ∑ σ^′≥σ Hom^·(M(σ^′), I^·)^{r+|σ′|}

is given by Ψ^r_M (σ)({g_σ′ }_σ′_{≥σ}) = ∑ σ^′≥σ (g_σ′ )_σ′ where the maps g_σ′ : M(σ^′) → ∑ τ^′≥σ^′ I^{r+|τ ′|}, σ^′ ≥ σ should be thought of as a natural transformation {g_σ′ }_σ′_{≥σ} : M_{|st(σ)} → (Δ^r_K )_{|st(σ)} and (g_σ′ )_σ′ is the composition of g_σ′ with the projection to the σ^′ component. It follows that Δ^·_X is a complex of injective objects in Sh(K)^·.

Finally we show e(M^·) is a quasi-isomorphism. It will be sufficient to demonstrate this for M ∈ Sh(K). For σ ∈ K and τ ∈ st(σ) let C(τ, σ) = Δ(τ, link_τ (σ)). Then for τ > σ, the complex C(τ, σ) is acyclic and C(σ, σ) = R. Applying D twice we obtain from the definitions

(D^2M)(σ) = ∑ τ≥σ C(τ, σ) ⊗_R Hom^·( Hom^·(M(τ), I^·), I^·).

Define the transformation e with e(M)(σ) : M(σ) → (D^2M)(σ) given by the composition M(σ)^{iσ}−→ ∑ τ≥σ C(τ, σ) ⊗_R M[τ]^{1⊗e}−−→ ∑ τ≥σ C(τ, σ) ⊗_R Hom^·( Hom^·[M(τ), I^·)I^·)

where e is the natural transformation of R-modules. It follows that e is a quasiisomorphism for perfect stacks. �

Let |K| denote the geometric realisation of K. Let Sh_K (|K|) denote the full subcategory of Sh(|K|) consisting of sheaves on |K| which are constant on the interior of each simplex. Define

Q : Sh(K) −→ Sh_K (|K|)

taking a stack M to the sheaf QM on |K| where QM is the constant sheaf M(σ) on the interior of the simplex σ ∈ K. Sections are 0-cocycles in the cochain complex C(K; M)^· of K with coefficients in M. Define

P : Sh(|K|) → Sh(K)

taking a sheaf A on |K| to the stack P A with P A(σ) = A(st(σ)), σ ∈ K. Structure maps are induced by restriction of sections. It is straightforward to show there is an equivalence of categories Sh(K)^{Q−→}←−_P Sh_K (|K|). Both functors Q and P commute with Hom in the obvious way and preserve perfect complexes. Thus we have

Theorem 6.3. There is an equivalence of categories with weak chain duality

(Sh(K)^·, Hom^·(−, Δ^·_X ), e)^{Q−→}←−_P (Sh_K (|K|)^·, Hom^·(−, QΔ^·_X ), e).

Note also that QΔ^·_X is a complex of injective objects in the category Sh_K (|K|)^·.

Let F : Sh_K (|K|)^· → Sh(|K|) be the inclusion functor. Then F admits a right adjoint G, [6].

Lemma 6.4. There is a natural quasi-isomorphism F QΔ^·_K −→ D^·_{|K|}. Proof Let X = |K|. Let S^·_X be the cosheaf on X obtained from the precosheaf U → C(U)^· of singular chains in U by taking the direct limit along subdivisions, [1;V,1]. Then S^·_X is a flabby coresolution of the constant cosheaf so that the sheaf Hom^·(S^·_X , I^·) is a flabby resolution of R_X . It follows there is a quasi-isomorphism of injective sheaves

S^·_X = Hom^·(Γ_cHom^·(S^·_X , I^·), I^·) → D^·_X = Hom^·(Γ_cC^·_X , I^·).

Let C^·_X be the sheaf of local singular chains. Then there is a quasi-isomorphism [1;V,2] C^·_X −→ S^·_X . But we also have the natural quasi-isomorphism F QΔ^·_K −→ C^·_X obtained from the natural map from simplicial chains to singular chains. The lemma follows. � By the universal properties of the functor G this quasi-isomorphism factors as F QΔ^·_K −→ GD^·_X^s−→ D^·_X where s : GD^·_X → D^·_X is the natural map.

Lemma 6.5. The map s : GD^·_X → D^·_X is a quasi-isomorphism.

Proof By [6;8.1.9] it is sufficient to show that the derived sheaf of D^·_X is constant on the interior of simplices, ie. D^·_X is weakly K-constructible. Fix σ ∈ K. For i ≥ |σ| let U^i ⊂ st(σ) be the union of the interiors of the i-simplices of st(σ). Let n = n(σ) be the smallest integer such that U^r = ∅, r > n. For |σ ≤ k ≤ n set st(σ)_k = ⋃ k≤i≤n U^i

so that st(σ)_n ⊂ st(σ)_{n−1} ⊂ · · · ⊂ st(σ)_{|σ|} = st(σ), and st(σ)_k is open in st(σ)_{k−1}, |σ| < k ≤ n. The derived sheaf of D^·_{|K|} is constant on st(σ)_n since st(σ)_n ⊂ st(σ) is open and consists of a disjoint union of the interiors of n-simplices. Assume by induction that D^·_{|k|} has constant derived sheaf when restricted to the interiors of simplices in st(σ)_k, for some |σ| < k ≤ n. The inclusions st(σ)_k^{ik}−→ st(σ)_{k−1}^{jk}←− st(σ)_{k−1} \ st(σ)_k determine a distinguished triangle j_{k!}j^!_kD^·_{st(σ)k−1} → D^·_{st(σ)k−1} toi_{k∗} D^·_{st(σ)k} → . . . . But j^!_kD^·_{st(σ)k−1} = D^·_{st(σ)k−1\st(σ)k} which is a disjoint union of interiors (k − 1)- implies and so has constant derived sheaf. Hence j_{k!}j^!_kD^·_{st(σ)k−1} also has constant derived sheaf on interiors. By induction this is also the case for i_{k∗} D^·_{st(σ)k} . It follows that D^·_{st(σ)k−1} has constant derived sheaf on the interior of simplices. By induction D^·_{|K|} is weakly K-constructible on st(σ) for all σ, and hence on |K|. � We conclude there is a natural quasi-isomorphism in Sh_K (|K|) t : QΔ^·_K −→ GD^·_{|K|}. It follows from the adjointness properties of G that GD^·_{|K|} is a complex of injective objects in Sh_K (|K|) so that t is a chain equivalence. Suppose then A^· ∈ Sh_K (|K|). Then there is a chain equivalence Hom^·(A^·, QΔ^·_K)^{t∗}−→ Hom^·(A^·, GD^·_{|K|}) and applying F we obtain the quasi-isomorphism

F Hom^·(A^·, QΔ^·_K ) −→ F Hom^·(A^·, GD^·_{|K|}) ∼= Hom^·(F A^·, D^·_{|K|}), the latter map from the adjoint relation. In conclusion we have Lemma. The inclusion functor determines a functor of categories with weak chain duality

(Sh_K (|K|)^·, Hom^·(−, QΔ^·_K ), e) −→ (Sh(|K|)^·, Hom^·(−, D^·_{|K|}), e). This functor induces a natural transformation on L-groups which is an isomorphism for K a point. Thus Corollary 6.6. There are natural isomorphisms H_∗(K; L^· ) −→ L^∗(|K|) { H_∗(K; L_· ) −→ L_∗(|K|) } where L^· {L_· } is the projective symmetric {quadratic} L-spectrum.

7. Appendix: Weak Chain Duality.

We recall the definition of a category with chain duality [8]. Such an enriched category is the natural setting for abstract algebraic Poincaré complexes. We give the definition in terms of cochain complexes in accordance with standard practise in sheaf theory.

Let A be an additive category and B (A ) the category of bounded cochain complexes A^· of objects in A (so that A^i = 0 for all but a finite number of i) with morphisms chain maps. Let D : A → B (A ) be a given additive contravariant functor. Then there is determined an additive contravariant extension D : B (A ) → B (A ) taking a complex A^· of B (A ) to the total complex of the bicomplex with (i, j)^{th} component (DA^{−i})^j . We have (cf. [8])

Definition 7.1 An additive category A with chain duality (D,e) consists of an additive contravariant functor D : A → B (A ) together with a natural transformation e : 1 → D^2 such that for all A in A 1. D(e(A)) · e(DA) = 1_{DA} : DA → D^3A → DA 2. e(A) : A → D^2A is a chain homotopy equivalence.

The main example is the category M_p (R) of finitely generated projective modules over a commutative ring R with chain duality

D : M_p (R) → M_p (R) ⊂ B (M_p (R)); P −→ P^∗ = Hom_R(P, R), and e(P ) : P → P^{∗∗} the usual isomorphism.

More generally let K be a locally finite simplicial complex regarded as a category with one object for each simplex σ ∈ K and one morphism for each face relation σ ≤ τ. Then the (stack) category M_p (R)[K] of covariant functors P : K → M_p (R) and natural transformations may be given the structure of a category with chain duality, (see [8] for details.)

Given a category with chain duality Ranicki defines algebraic Poincaré complexes of objects in the category and cobordism groups of such objects. For the first example M_p (R) the cobordism groups are the (projective) algebraic L-groups of the ring R [8] while in the second the cobordism groups are the homology groups of the simplicial complex K with algebraic L-spectra coefficients [8].

When we consider the category of sheaves over a topological space the following definition of a category with weak chain duality is more useful.

Definition 7.2 An abelian category A with weak chain duality (D, e) consists of an exact contravariant functor D : A → B (A ) together with a natural transformation e : 1 → D^2 such that for all A in A 1. D(e(A)) · e(DA) = 1_{DA} : DA → D^3A → DA 2. e(A) : A → D^2A is a quasi-isomorphism (=homology isomorphism).

The main example is the category M (R) of finitely generated modules over a ring R of finite cohomological dimension with chain duality

D : M (R) → B (M (R)); M −→ DM = Hom^·(M, I^·),

where I^· is an injective resolution of R of finite length and Hom^· is the mapping chain complex. Again e(M) : M → D^2M is the usual map which in this case is a quasi-isomorphism. We shall see that the inclusion R → I^· induces an isomorphism of L-groups.

As in [8] we may define the symmetric (quadratic) Q-groups of a complex in B (A ) for A a category with weak chain duality. Because we consider cochain complexes here instead of chain complexes in [8] we give details.

For a complex A^· in B (A ) and n ∈ Z let Σ^nA^· be the n^{th} suspension complex with (Σ^nA^·)^i = A^{i−n},

d_Σn_A· = (−)^nd_A· : (Σ^nA^·)^i = A^{i−n} → (Σ^nA^·)^{i+1} = A^{i+1−n}.

For complexes A^·, B^· in B (A ) let Hom^·(A^·, B^·) be the mapping complex of abelian groups with elements f ∈ Hom^i(A^·, B^·) degree i maps f : A^· → B^· of graded objects and differential given by df = d_B· · f + (−)^{i+1}f · d_A.

Let Z[Z_2] be the group ring with Z_2 the multiplicative group of order 2 generated by T ∈ Z_2. Let f ∈ Hom^i(A^·, DB^·). Define the element T f ∈ Hom^i(B^·, DA^·) as follows. The element f is by definition a collection of degree i maps {f_j : A^j → (DB^·)^{j+i}}_{j∈}Z. Applying the functor D gives a collection of maps {Df_j : Σ_{q−p=j+1}D((DA^p)^q) −→ DA^j }_{j∈}Z. Form the new collection { Σ a−b=k+i (−)^{kb}Df_b : Σ_{a−b=k+i} Σ_{q−p=b+i}D((DA^p)^q)^a −→ Σ_{a−b=k+i}(DA^b)^a } k∈Z and write this as a collection of maps { (D^2B^·)^k −→ (DA^·)^{k+i} } k∈Z^. Precomposing with the natural transformation e(B^·) : B^· → D^2B^· gives the collection of degree i maps { B^k −→ (DA^·)^{k+i} } k∈Z which by definition is the element T f ∈ Hom^i(B^·, DA^·). The mapping complex Hom^i(B^·, DA^·) then becomes a complex of Z[Z_2]-modules.

Let W be the standard free Z[Z_2]-module resolution of the trivial Z[Z_2]- module Z regarded as a cochain complex. Thus

W^i = { Z [Z_2] i ≤ 0 0 i > 0 and d_W = 1 + (−)^iT : W^i = Z[Z_2] → W^{i+1} = Z[Z_2], i < 0.

For a complex A^· in B (A ) define complexes of abelian groups

W^%A^· = Hom^·Z_[Z_{2]}(W, Hom^·(A^·, DA^·)) W_%A^· = W ⊗Z_[Z_{2]} Hom^·(A^·, DA^·).

A cocycle ϕ ∈ (W^%A^·)^n (ψ ∈ (W_%A^·)^n) consists of a collection of maps { ϕ^s : A^· −→ DA^· } s≥0 of degree n − s ({ ψ^s : A^· −→ DA^· } s≥0 of degree n + s )

satisfying the relations

dϕ^s + (−)^{n+s+1}ϕ^sd + (−)^{n+1}ϕ^{s−1} + (−)^{n+s}T ϕ^{s−1} = 0,

(dψ^s + (−)^{n+1}ψ^sd + (−)^sψ^{s+1} − T ψ^{s+1} = 0).

A map of complexes f : A^· → B^· determines maps

f^% : W^%B^· → W^%A^·; f^%(ϕ)^s = Df · ϕ^s · f : A^· → DA^·

f_% : W_%B^· → W^%A^·; f_%(ψ)^s = Df · ψ^s · f : A^· → DA^·.

Define the symmetric (quadratic) Q−groups of a complex A^·, denoted Q^n(A^·) (Q_n(A^·)) to be the abelian groups

Q^n(A^·) = H^n(W^%A^·) ≡ H_{−n}(W^%A^·)

(Q_n(A^·) = H^n(W^%A^·) ≡ H_{−n}(W_%A^·)).

An object A in A is said to be flat (with respect to the chain duality D) if DA is a complex of injective objects in the category A . For example, projective objects in A are flat.

Let f : A^· → B^· be a quasi-isomorphism of complexes of flat objects. A complex A^· of objects in A is said to be finite dimensional if it admits a resolution (=quasi-isomorphism) P^· → A^· where P^· is a bounded complex of projective objects in A . Define the algebraic bordism category [8]

Λ(A ) = (A , B , C )

where B ⊂ B (A ) is the full-subcategory of finite dimensional complexes and C ⊂ B is the full-subcategory of acyclic complexes. Thus by definition an n−dimensional symmetric (quadratic) Poincaré complex (A^·, ϕ) ((A^·, ψ)) in Λ(A ) consists of a complex A^· in B such that the chain map ϕ_0 : A^· → Σ^nDA^· (ψ_0 + T ψ_0 : A^· → Σ^nDA^·) has chain mapping cone in C , ie. is a quasi-isomorphism. Define also the algebraic bordism category Λ^′(A ) = (A , B^′ , C^′ ) where B^′ ⊂ B (A ) is the full subcategory of bounded complexes of projective objects and C^′ ⊂ B^′ is the full-subcategory of contractible complexes.

For any algebraic bordism category Λ(A ) = (A , B , C ) the n−dimensional symmetric (quadratic) L−group L^n(Λ) (L_n(Λ)) is the abelian group of cobordism classes of n−dimensional symmetric (quadratic) C −Poincaréŕe complexes.

Let M_p (R) be the category with chain duality D^′A^· = Hom^·_R(A^·, R) and M (R) the category with weak chain duality DA^· = Hom^·_R(A^·, I^·). Then inclusion M_p (R) ⊂ M (R) determines a functor of algebraic bordism categories

F : Λ^′(M_p (R)) −→ Λ(M (R)).

Lemma 7.3. The induced morphisms

F : L^∗(Λ^′) −→ L^∗(Λ) F : L_∗(Λ^′) −→ L_∗(Λ)

are isomorphisms.

In particular the L-groups L^∗_p(R) (L^p_∗(R)) of [8] coincide with the L-groups L^∗(Λ) (L_∗(Λ)) defined here. We shall write L^∗(R) (L_∗(R)) for L^∗(Λ) (L_∗(Λ)).

Proof. We will show F : L^n(Λ^′) −→ L^n(Λ) is an isomorphism. The argument for the quadratic L−groups is entirely similar. Construct an inverse G : L^n(Λ) → L^n(Λ^′) by taking projective resolutions as follows. Let (A^·, ϕ) be an n−dimensional symmetric Poincaréŕe complex in Λ(M (R)). Let h : P^· → A^· be a projective resolution of finite length, and let (P^·, h^%(ϕ)) be the induced n−dimensional symmetric Poincaréŕe complex. The inclusion R → I^· determines a quasi-isomorphism

Hom^·(P^·, Hom^·(P^·, R)) → Hom^·(P^·, Hom^·(P^·, I^·))

and hence an isomorphism Q^{′n}(P^·) −→ Q^n(P^·) where Q^′ denotes the Q−group with respect to the duality D^′. Thus we may lift the symmetric class h^∗(ϕ) to a class ϕ^′ ∈ Q^{′n}(P^·). This class is easily seen to be C^′ −Poincaré. Define G(A^·, ϕ) = (P^·, ϕ^′). Then G is an inverse to F .

Bibliography

1. G. E. Bredon, Sheaf Theory, McGraw-Hill, 1967.

2. S. Cappell and J. Shaneson, Singular spaces, characteristic classes and intersection homology, Ann. of Math. 103 (1991), 325-374.

3. R. Godement, Topologie algébrique et théorie des faisceaux, Hermann, 1958. 4. R. M. Goresky, Intersection homology operations, Comment. Math. Helv. 59 (1984), 485-505. 5. S. Hutt, On the Siebenmann Periodicity Phenomena, (in preparation). 6. M. Kashiwara and P. Schapira, Sheaves on Manifolds, vol. 292, Grundlehren der mathematischen Wissenschaften - Springer Verlag, 1990.

7. F. Quinn Surgery on Poincaré and Normal Spaces, Bull. Am. Math. Soc. 78 (1972), 262-267. 8. F. Quinn, Ends of Maps I, Ann. Math. 110 (1979), 275-331.

9. A. A. Ranicki, The algebraic theory of surgery, I, II., Proc. Lond. Math. Soc. 40 (3) (1980), 193–287.

10. A. A. Ranicki, Algebraic L-theory and topological manifolds, Cambridge Tracts in Mathematics, vol. 102, Cambridge University Press, 1992.

11. J. L. Verdier, Dualité dans la cohomologie des espaces localement compacts, Séminaire Bourbaki, exposés 300 (1065/1966), 295-312.

12. J. L. Verdier, Le théorème de dualité de Poincaré, C. R. Acad. Sci. 256 (1963), 2084-2086. 13. M. Weiss, Surgery and the generalized Kervaire invariant, Proc. Lond. Math. Soc. 51 (3) (1985), I. 146–192, II. 193–230.